AFRL-SN-HS-TR-2006-0018

METAMATERIALS FOR ANTENNA TECHNOLOGIES

Sridar Srinivas
Northeastern University

120 Forsyth Street
Boston, MA 02115

15 September 2006

Final Report

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

AIR FORCE RESEARCH LABORATORY
Sensors Directorate

Electromagnetics Technology Division

80 Scott Drive

Hanscom AFB MA 01731-2909




TECHNICAL REPORT

Title: Metamaterials for Antenna Technologies

Unlimited, Statement A

NOTICE

USING GOVERNMENT DRAWINGS, SPECIFICATIONS, OR OTHER DATA INCLUDED
IN THIS DOCUMENT FOR ANY PURPOSE OTHER THAN GOVERNMENT
PROCUREMENT DOES NOT IN ANY WAY OBLIGATE THE US GOVERNMENT. THE
FACT THAT THE GOVERNMENT FORMULATED OR SUPPLIED THE DRAWINGS,
SPECIFICATIONS, OR OTHER DATA DOES NOT LICENSE THE HOLDER OR ANY
OTHER PERSON OR CORPORATION; OR CONVEY ANY RIGHTS OR PERMISSION
TO MANUFACTURE, USE, OR SELL ANY PATENTED INVENTION THAT MAY
RELATE TO THEM.

THIS TECHNICAL REPORT HAS BEEN REVIEWED AND IS APPROVED FOR
PUBLICATION.

[signature/
HARVEY TOBIN, Contract Monitor
Antenna Technology Branch
Electromagnetics Technology Division

[signature/
LIVIO POLES, Acting Branch Chief
Antenna Technology Branch
Electromagnetics Technology Division

[signature/
MICHAEL N. ALEXANDER
Technical Advisor
Electromagnetics Technology Division




REPORT DOCUMENTATION PAGE OMB NG oA 0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing this collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis
Highway, Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a
collection of information if it does not display a currently valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. Report Type 3. DATES COVERED (From - To)
15-09-2006 FINAL REPORT 1 Aug 2001 — 30 Apr 2006
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER
Metamaterials For Antenna Technologies 5b. GRANT NUMBER

F33815-01-1-1007

5c. PROGRAM ELEMENT NUMBER

61102F
6. AUTHOR(S) 5d. PROJECT NUMBER
2305
Sridar Srinivas 5e. TASK NUMBER
GN
5f. WORK UNIT NUMBER
02
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT
Northeastern University
Electronic Materials Research Institute and Department of Physics
120 Forsyth Street
Boston, MA 02115
9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR'’S
Electromagnetics Technology Division ACRONYM(S)
Sensors Directorate AFRL-SN-HS
Air Force Research Laboratory
80 Scott Drive 11. SPONSOR/MONITOR’'S REPORT
Hanscom AFB MA 01731-2909 NUMBER(S)

AFRL-SN-HS-TR-2006-0018

12. DISTRIBUTION / AVAILABILITY STATEMENT

Approved for Public Release, Distribution Unlimited; ESC 06-1035, 3 September 2006

13. SUPPLEMENTARY NOTES

14. ABSTRACT
This project was centered around research and development of next generation metamaterials that are needed in
radar technologies. Results were obtained in metamaterials that display negative refraction properties. New
metamaterial designs were developed and new phenomena arising from the negative refraction properties were
demonstrated . The work in this area has led to some major results, reported in 10 published papers.

15. SUBJECT TERMS
Metamaterials, Left-handed Materials, Negative Refraction

16. SECURITY CLASSIFICATION OF: 17. LIMITATION [ 18 NUMBER | 19a. NAME OF RESPONSIBLE PERSON

OF ABSTRACT | OF PAGES Harvey Tobin
a. REPORT b. ABSTRACT | c.THIS PAGE 19b. TELEPHONE NUMBER (include area code)
Unclassified Unclassified | Unclassified uu 56 N/A

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. Z39.18







Table of Contents

Summary

Negative Refraction and Left Handed Electromagneticm
Theoretical Issues in Negative Refraction and Imaging
Negative Refraction in Left-Handed Metamaterials
Microwave Photonic Crystals

Tailor-Made Negative Refractive Indices of Photonic Crystals
Imaging by a Flat Lens Due to Negative Refraction
Focusing by Planocave Lens Using Negative Refraction
Slow Microwaves in Left-Handed Materials

Flat Lens without Optical Axis: Theory of Imaging
Publications

Invited Talks

Contributed Talks

Poster Presentations

Public Recognition of Our Work

Appendix

© O ~N ~N 00 o0 &~ B DA W WNNPRP R PR



List of Figures

1. Negative Refraction in a Left-Handed Material
2. Wave Field Scans of Refractive Microwave Transmission
3. Image of a Microwave Point Source

4. A Flat Lens without a Unique Optical Axis Shows an Image Moving by 4cm

B ow NN



Summary

This project was centered around research and development of next generation
metamaterials that are needed in radar antenna technologies. By directing electromagnetic
beams, such as used in radar, such materials can enormously improve detection and
communication in aircraft, ranging from communication with satellites to detection of enemy
bodies.

During this performance period, groundbreaking results were obtained in metamaterials
that display negative refraction properties. New metmaterial designs were developed and new
phenomena arising from the negative refraction properties were demonstrated. Our work in this
area has led to some major results, reported in 10 completed papers, and has received extensive
attention in the popular press, including writeups in Science, Physics Today and APS News.

Negative Refraction and Left-Handed Electromagnetism

Naturally available materials that are transparent to electromagnetic (EM) waves can be
characterized by a positive refractive index » >0 . However, as noted by Veselago in 1968,
Maxwell’s equations allow the possibility of negative permttivity £ <0 and permeability <0,

and correspondingly negative refractive index - n=—|e|lz]|<0 . Recently Smith, et. al

demonstrated experimentally that in certain metamaterials microwaves bend negatively
corresponding to n < 0.
Our work can be classified into three areas:

Theoretical Issues in Negative Refraction and Imaging

The most striking property of EM waves in negative index media (NIM) is that of Left-
Handed Electromagnetism (LHE), since the electromagnetic fields E and H , and the wave
vector £ , form a left-handed triplet set. Consequently the energy flow represented by the
Poynting vector § =& x H is anti-parallel to the wave vector k , so that S - <0 For conventional
n >0 materials E,H,k forma right-handed set with §k>0.

Refraction of energy in wave groups Since all physical radiation sources emit their
radiation in the form of wave packets, we analyzed refraction of electromagnetic wave packets on
passing from an isotropic positive (PIM) to an isotropic NIM. We have treated several exhaustive
examples: localized wave packets, beams, and also a finite number of plane waves. In all of the
cases we show that the energy and momentum refract negatively. We show that in all cases where
the wave group does not extend to infinity in the direction perpendicular to the wave vector, the
interference pattern also refracts negatively. This paper was published Physical Review E, 69,
026604 (2003). (Several simulations and movies are - available at our website
http://sagar.physics.neu.edu).

Near and far field imaging by n<0 and ¢ <0 materials We studied analytically and
numerically imaging by Left-Handed Metamaterials. For the far field, the image is “perfect” only
for n=-1. Away from this value, aberration and caustics will be present and were analyzed. For
near field imaging with Re(s)=-1,Re(x) = +1, the consequences of departure from dielectric

matching and losses were analyzed. This paper has been published in Microwave and Optics
Technology Letters, 39, 282 (2003).
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Figure 1 Negative refraction in a Left-handed Metamaterial. From Left: Metamaterial constructed at NU.
Schematic of refraction setup. (Middle) Angular and Spectral dependence of refracted signal showing regions of
positive and negative refraction. (Right) Negative refraction in LHM compared with positive refraction in Teflon.

Negative Refraction in Left-Handed Metamaterials

We fabricated negative index metamaterials by interleaving arrays of split ring resonators
and wire strips. Microwave measurements were carried out in 1-D X-band waveguide and 2-D
waveguide setups. From the 1D waveguide results we determined the crucial material parameters
such as complex refractive index, permeability and permittivity (7 =n'+in",u = p' +iu" and
&=¢'"+ig" ) required to design materials and optimize characteristics for microwave
applications. The ' determined from the waveguide transmission parameters is found to vary
from -1.9 to -0.3 in the passband region 9.6-10.5GHz. The results show that transmission is
optimized for »'=-1 and low »". One of our significant contributions in the field of left handed
electromagnetism has been in proving its physical reality in both NIM and photonic crystals a
topic which has been recently controversial.

Microwave Photonic Crystals
, Our search for novel materials that display negative refractive index have led to the
observation of negative refraction in a new class of materials - metallic photonic crystals. We
have demonstrated negative refraction of microwaves in metallic photonic crystals fabricated
using cylindrical copper rods arranged on a periodic lattice. With parallel theory and numerical
simulations we showed that the negative refraction observed corresponds to left-handed
electromagnetism -and arises due to the dispersion characteristics of waves in the periodic
medium. The ease of fabrication, control of design parameters, scalability and very low
attenuation in the metallic photonic crystal (100 times smaller than that in composite

Negative Refraction, PC TK, f=9.77 GHz x10°

Positive Refraction, PC TK, f = 6.62 GHZ x1

1
)

Figure 2 (Top left) Representative wave field scans of the refracted microwave transmission intensity by photonic
crystal prism, demonstrating (left) positive refraction at 6.62 GHz, and negative refraction at 9.77 GHz. The
experimental results are in good agreement with band structure calculations and numerical simulations of wave
refraction. (Right) Simulations of wave refraction showing (a).positive refraction at 7 GHz and (b) negative
refraction at 9 GHz.
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metamaterial) pave the way for several interesting applications from microwave to optical
frequencies. These results was published in Physical Review Letters, 92, 127401 (2004).

Tailor-made negative refractive indices of photonic crystals

Negative refraction and left-handed electromagnetism in a metallic photonic crystal (PC)
wedge were demonstrated in free space for both transverse magnetic and electric mode
propagation. The experimental results are in excellent agreement with numerical calculations
based on the band structure with no fit parameters used in modeling. The results demonstrate
precision control on the design and fabrication of the PC to achieve tailor-made refractive indices
between -0.6 to +1. These results were published in Applied Physics Letters, 85, 1858 (2004).

Imaging by a flat lens due to negative refraction v

The positive index of refraction in conventional optical lenses requires them to have
curved surfaces to form an image. However, negative index of refraction allows a flat slab of a
material to behave as a lens and focus electromagnetic waves to produce a real 3-D image [see
our website http://sagar.physics.neu.edu for an introduction to this idea]. We have demonstrated
this unique feature of imaging by a flat lens, using the phenomenon of negative refraction in a
photonic crystalline material.

The key advance that enabled this observation is
the design of a suitable photonic crystal to achieve
negative refraction over a wide range of angles. While
negative refraction was demonstrated at microwave
frequencies in a quasi-homogeneous metamaterial,
imaging using a flat lens of such material has not been
successful due to the large dissipation and anisotropy in
these materials and the lack of proper design tools. This
work capitalizes on our earlier demonstration of negative
refraction in photonic crystals. ‘
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Figure 3 Image of Microwave Point Source

The accompanying figure shows the image of a microwave point source of frequency 9.3
GHz (wavelength 3.22 cm) placed at a distance of 2.25 c¢cm from a 2-D flat lens made of a
photonic crystal fabricated from an array of cylindrical alumina rods. On the far side, an image of
excellent quality is seen at a distance 2.75 cm. This image is observed only in a narrow frequency
range between 9.0 — 9.4 GHz, with the best focus achieved at 9.3 GHz. Outside this narrow band,
at all other frequencies between 2-12 GHz, a single focus point is not observed. These
observations can be completely understood by examining the band structure of the photonic
crystal and corresponding equi-frequency surfaces (EES).

Conventional optical lenses have a single optical axis, limited aperture and cannot focus
light onto an area smaller than a square wavelength [1]. In contrast the present flat lens does not
have a unique optical axis and is not restricted by the aperture size. We have demonstrated both
these features by moving the object by 4 cm: the image moves by a corresponding amount in the
same direction (see accompanying figure). Note for the subwavelength source we have observed
an image of similar size. The image formed by the flat lens due to negative refraction is a real 3D
image.
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Figure 4 A flat lens without a unige optical axis
Shows an image moves the object by 4cm

The unique properties of the flat lens reported here lead to entirely new perspectives on
imaging and potentially new applications. A particular advantage of the photonic crystalline
material is its scalability to sub-micron dimensions ensuring several possible applications from
microwave to optical frequencies. The paper describing this work was published in Nature, 426,
404 (2003). This work was subsequently cited by Science as one of the breakthroughs of the year
2003.

Focusing by Planoconcave Lens Using Negative Refraction

We demonstrated focusing of a plane microwave by a planoconcave lens fabricated from
a photonic crystal having a negative refractive index and left-handed electromagnetic properties.
An inverse experiment, in which a plane wave is produced from a source placed at the focal point
of the lens, is also reported. A frequency-dependent negative refractive index, n(w)< 0 is obtained
for the lens from the experimental data which match well with that determined from band
structure calculations. This work was published in Applied Physics Letters.

Slow Microwaves in Left-handed Materials

Remarkably slow propagation of microwaves in two different classes of left-handed
materials (LHM’s) was demonstrated from microwave-pulse and continuous-wave transmission
measurements. Microwave dispersion in a composite LHM made of split-ring resonators and wire
strips reveals group velocity v,~c/50, where c is the free-space light velocity. Photonic crystals
(PhC’s) made of dielectric A1203 rods reveal v,~c/10. Group delay dispersion of both the
composite LHM and PhC’s determined from the experiment is in complete agreement with that
obtained from theory. The slow group velocities are quantitatively described by the strong
dispersion observed in these materials. This work was published in Physical Review B.

Flat lens without optical axis: Theory of imaging

We derived a general theory for imaging by a flat lens without optical axis. We showed
that the condition for imaging requires a material having elliptic dispersion relations with
negative group refraction. This medium is characterized by two intrinsic parameters oand K.
Imaging can be achieved with both negative and positive wave vector refraction if O is a positive
constant. The Veselago-Pendry lens is a special case withg = 1 and K = 0. A general law of
refraction for anisotropic media is revealed. Realizations of the imaging conditions using
anisotropic media and inhomogeneous media, particularly photonic crystals, are discussed.
Numerical examples of imaging and requirements for sub-wavelength imaging are also presented.
This work was published in Optics Express. '
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APPENDIX

Flat lens without optical axis: Theory of
imaging

Wentao Lu and Srinivas Sridhar
Department of Physics and Electronic Materials Research Institute, Northeastem University,
Boston, MA 02115

w.lu@neu.edu, s.sridhar@neu.edu

Abstract: We derive a general theory for imaging by a flat lens without
optical axis. We show that the condition for imaging requires a material
having elliptic dispersion relations with negative group refraction . This
medium is characterized by two intrinsic parameters ¢ and x. Imaging
can be achieved with both negative and positive wave vector refraction if
o is a positive constant. The Veselago-Pendry lens is a special case with
o =1 and ¥ = 0. A general law of refraction for anisotropic media is
revealed. Realizations of the imaging conditions using anisotropic media
and inhomogeneous media, particularly photonic crystals, are discussed.
Numerical examples of imaging and requ1rements for sub- wavelength
imaging are also presented.

-© 2005 Optical Society of America

OCIS codes: (110.2990) Image formation theory; (260.2030) Dispersion; (100.6640) Super-
resolution; (080.3620) Lens design ’
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Since antiquity, the positive index of refraction of conventional materials has required the use
of curved surfaces to focus light. However there has been a continuing quest for lenses with
flat surfaces as they confer a variety of advantages. Notable examples are the Fresnel lens and
Maxwell’s fish eye lens [1, 2]. The Fresnel flat lens uses a gradient-index n(x) material (GRIN)
[3, 4] and hence must possess an optical axis, i.e. is not translationally invariant along the
surface (x-axis).

The concept of negative refraction has led to new fundamental approaches as well as appli-
cations in optics [S]. In 1968 Veselago [6] pointed out that for a material with refractive index
n = —1 a flat surface would focus light. A decade later, Silin [7] discussed a more general case
and obtained the lens equation of a flat slab with negative elliptic dispersion. Pendry’s recent
analysis [8] demonstrating the possibility of sub-wavelength resolution with a flat slab of such
materials, as well as the experimental realization of the so-called-left-handed materials using
composite media [9] and photonic crystals (PhCs) [10, 11] led to renewed interest in the unique
electromagnetic properties of these artificial materials. The unique property of these flat lenses
is the lack of optical axis. This type of flat lens can be realized in a PhC using negative refraction
[12] and has been demonstrated in microwave experiment [13]. There is however no complete
theory of imaging by a flat lens which properly describes the various features observed in the
experiments and in numerical simulations.

In this paper, we present a general theory of imaging by a flat lens without optical axis,
resulting in a proposal for a new material which is translationally invariant along the surface
and has anisotropic refractive index n(@). Defining an optical phase condition for imaging, we
show that the condition requires a material having. Elliptic dispersion relations with Negative
Group Refraction (ENGRM) at the operating frequency. The ENGRM is defined by two pa-
rameters: the anisotropy parameter ¢ which is a measure of the ellipse eccentricity, and a phase
factor k which determines the center of the ellipse. Refraction laws for the wave vector and
- the group velocity for anisotropic media are derived. The theory shows that “perfect” images
can be obtained, and imaging is possible with negative as well positive refractive indices . The
required conditions and consequences of flat perfect and imperfect lenses made of ENGRM are
derived from a generalized Fermat’s principle. Realization of flat lens using PhCs is discussed.
In real PhCs, ¢ is itself angle-dependent in most cases, leading to some limitations for image
formation. Many of the proposals for PhC lenses are contained in the present theory. The the-
ory is also applied to recent experiments using PhC and is shown to successfully describe some
intriguing aspects of the data. Numerical simulations are presented that describe visual details
of the image formation in PhC.

We first consider the case of a single interface which is along the x-axis and at z = 0. The
wave vector k of an incident plane wave from vacuum towards the interface makes an angle 0
with the z-axis. Here we consider the case that for any incident k, there is only one refractive
wave vector k. Continuity along the interface requires that k., = k,. A point source is at x =0
and z = —u with # > 0. We now consider another point in ENGRM at x = Ax and z = v with
v > 0. The phase difference between these two points for each incident k is ® = @, 4- O, with
O, = kut ky,v and @, = kAx. According to Fermat’s principle, the formation of an image
would require that the total phase @ be stationary. This restriction can be relaxed for a flat
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interface. Since the surface is flat, any point of a finite size source will be imaged to a point with
~ the same x-coordinate. Thus Ax = 0 and @, = 0. One only needs to consider ®,. A generalized
Fermat’s principle states that an image will be formed if the phase ®©, is stationary, d®,/dk, = 0.
The lens equation for single-interface is

u=ov 1)

with a material constant
o = —dk,,/dk,. )

This constant ¢ should be positive and independent of the incident angle for a focus with-
out aberration. Thus the following rule for the wave vector refraction at the interface must be
obeyed ’

kr; = K — Ok, 3)

Here x is the integration constant which is also an intrinsic property of the ENGRM. Since in
the vacuum k2 + k2 = k3 = @¢/c?, the equi-frequency surface (EFS) of the medium is

6 2(i — kre)? + ki = 0 /. “4)

Note that this elliptic dispersion exists only at the operating frequency wy [14]. In the neigh-
borhood of this frequency @ ~ o, (k — k)2 /n? + k2 /n? = @?/c* with & = n./n, ~ ©. The
deduction of Eq. (3) from an elliptic EFS requires negative group refraction

(kr—xZ)- Vi, 0 <0 ‘ )

together with the causality condition d@/dk,, > O that the energy must flow away from the
interface which is illustrated in Fig. 1. The ray vector [15] which represents the direction of
group velocity is s = (—&'sin ok + cos 00z)/n,6 while k, — kZ =n,(sinaX — & cos Z) with
sina = n;1sin@, ,

The Snell’s law for wave vector loses its meaning in this anisotropic medium. However there
is a law for group refraction, which is tan B = —&tana = —&(n2 — sin® 8)~/Zsin 0, At the
operating frequency y of the flat lens, n, = 1, 6(ay) = &, the group refraction law is simply

tanf} = —otan 6. _ ©)

Thus —6 can be regarded as the effective refractive index . Note that this refraction law is
very general and is valid for any ¢ as defined by Eq. (2). The proof is the following, tan § =
%/%‘:’—z = %gk%/g% = —otan 0. Here we used kry = ky.

The space inside the medium can be considered to be “optically stretched™ in the z-direction
by a factor of 6~!. The waves inside the medium are represented by y(r’) = exp(ikyx — ik,7 +
ix'7) with Z = oz and «’ = k/o. Thus in the case that x 5 0, the waves at this frequency
will experience a periodicity in the z-direction with length scale 27/|x| since the waves are
modulated by exp(ixz). This periodicity is the effective periodicity and may not be the actual
physical periodicity such as the lattice spacing of a PhC.

We now consider the imaging of an ENGRM slab with thickness d. The first surface is at the
origin and the second at z = d. A point source is placed at z = —u. We consider another point
outside the ENGRM slab at z = d +v. If the value of v satisfies the following lens equation

u+v=od, @)

the phase difference ®, = k;(u + v) + k,d = Kd is stationary and an image will be formed
without aberration. Note that for ordinary thin curved lens with focal length f, the lens equation
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Fig. 1. Group velocity for an ENGRM with elliptic EFS and (kr — k2) - Vi © < 0 and
(a) negative or (b) positive wave vector refraction. The dashed arrow is ky — xZ. (c) Ray
diagram of the group velocity for imaging by an ENGRM flat lens with u4v = od.

isu~!4+v~1= f~1, With given value of ¢ and slab thickness d, the distance between the object
and the image outside the slab is fixed, # +v+d = (1 + ¢)d. Once the location of the object is
fixed, the position of the image is also fixed, no matter where the slab is placed!

We remark that a flat slab can focus with negative as well as with positive wave vector
refraction. The necessary condition for flat lens imaging is negative group refraction . In general,
there is not much meaning of Snell’s law for wave vectors for anisotropic media. Only the
refraction law for the direction of group velocity Eq. (6) is meaningful and does correspond to
ray diagrams. The Veselago-Pendry lens is a special case of our flat lens with 6 =1, x = 0 and
is the only case that the ray diagram is applicable for the wave vectors.

The lensmaker’s formula Eq. (1) or (7) only provides a necessary condition for imaging.
An additional constraint is required for the formation of a “perfect” image, viz. the surface
reflection coefficient r should vanish, r = 0, for far field and should diverge, r — oo, for near
field. These set the conditions for a perfect flat lens without optical axis. The requirement of
no reflection » = 0 is not essential for a slab to focus far field. The principal conditions for the
flat lens to focus light are that Eq. (3) and |r| < 1 should be satisfied for all or at least a large
range of incident angles . The presence of reflection will make the image dim and may give rise
to multiple images. The indefinite indices medium [16] can have elliptic dispersion relation, but
in general will not satisfy the flat lens imaging conditions.

The field inside the ENGRM flat lens can also be described by a partial differential equation
[07%(ix 4+ 3)? + 324 (w/c)?|¥ = 0. The medium can be regarded as a distorted space with the
metric ds? = dx? + 62dz2. Thus there is an analogy with gravitational lensing where refraction
occurs due to the warping of space caused by general relativistic effects, such as in the vicinity
of a massive object. It is worth noting that general relativistic effects are observable due to
optical refraction.

In the rest of the paper, we will focus on S-polarized electromagnetic waves with the elec-
tric field in the y-direction. In general, the magnetic permeability yu of the ENGRM should
be a tensor, and its relationship to the other material parameters ¢ and x can be deduced.
Here we assume that effective indices € and y can be used to describe the medium of in-
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Fig. 2. Far field intensity of a two-pointsource imaged by an ENGRM flat lens with ¢ =0.5
and thickness d = 10. The two white lines indicate the surfaces of the lens.

terest. Due to its symmetry, the ellipsoid can always be transformed to its principal axes [2].
For the S-polarized waves, the H field is in the xz-plane, only u, and p, will enter our dis-
cussion. Furthermore, u, plays a more active role than y, since the surface reflection coeffi-
cient is 7 = (Uxk; — ky;) / (Lcky + kiz). Thus to achieve perfect imaging for far field, the effective
permeability of ENGRM should be

© Uy =K/kpcosO —o0. (8)

Only in the case x = 0 that i, = —0 is isotropic while for x # 0, i, has to be anisotropic and
diverges at k, = kg. For kK # 0, any finite pi, at k, = ko results in reduced transmission. Notice
that in PhCs including metamaterials, the effective i, should be anisotropic in general.

To see how the propagating waves are focused, we consider a S-polarized point source
—(i/4)H(§1) (ko|r + uz|) which is centered at z = —u while the two surfaces of the ENGRM
slab are at z = 0 and z = d. If y, takes the form given by Eq. (8), there will be no reflection
for propagating waves and the transmission coefficient through the slab is T = exp(ik,,d). The
transmitted far field is

¢ . ) /2 40 .
Ef, (r) = —iexp(ixd) /0 I exp{ik;[z+u — (1 + 0)d]} cos(kxx). ')

Note that k; = ko cos @ and k, = kg'sin 6. The image outside the slab is located at z = (1 + 6)d —
u. One can see that except for a global phase exp(ixd), the far field of the image is exactly that
of the source. The far field inside the slab is

i . ] n/2 49 . . :
Ef(r) = —texp(n('z)/0 %exp[—zkz(oz— u)] cos(kyx) (10)

for 0 < z < d. Another perfect image is formed inside the slab at z = u/0. The first surface
acts as a mirror with an extra phase exp(ixz). The space inside the ENGRM slab is optically
stretched by a factor of 6~1. The flat lens imaging is shown in Fig, 2.
Evanescent waves and sub-wavelength imaging For evanescent waves k; > ko, the complex
extrapolation of Eq. (4) gives
kr; = x+ioq an

with g = (k2 — k3)"/2. The transmission coefficient through the flat lens is 7 = (1 —
r?)exp(ikr,d) /(1 — r* exp(2ikr.d)] with r = [(lx — 6)q + ix]/[(tx + 6)g — ix]. In order to am-
plify evanescent waves, a singularity must exist in T to compensate to certain extent the decay
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of evanescent waves in the vacuum exp[—g(u + v)]. In the case of single-interface resonance
(8, 19], r — oo, T exp[—q(u+v)] = exp(ixd), all the evanescent waves will be amplified only if

e = 1l = —o +ix/q. (12)
The images both inside and outside have the same sub-wavelength features of the source. If p,
couldn’t take the above form, sub-wavelength imaging is still possible. At the so-called overall
resonance condition [19] 1 — r2exp(2ik..d) = 0, thus r = +-exp(—ik,.d), one gets

e = 1F = (—o+ix/q) tanh ™! (g — ix)d/2. (13)

For k # 0, u? and p are all complex with negative real parts. One notices that i (g) is
flatter than p; (g) as functions of ¢. In terms of effective indices, the existence of surface .
modes ax (kx) requires that Ry, be negative for S-polarization. To amplify evanescent waves,
the wp(kx) curve must be very flat [19]. This is equivalent to say that the curve pf (¢) should
be flat so that the contribution of evanescent waves are constructive for certain window of g.
The closer i, is to it} (g), the more sub-wavelength features the images will have. Note that
for large kd, the evanescent waves are located in the vicinity of the interfaces for constant ;.

" Realization in real materials We note that no known natural material is found to have negative
dispersion. Negative group refraction can be achieved in periodic or quasi-periodic media with
nonzero k [17). For most media, Eq. (8) and (12) are unlikely to be fulfilled, thus a perfect flat
lens is unattainable. Realization using real materials is discussed next.

Ordinary material may not have the EFS described by Eq. (4) for all k.. For an uniaxial crys-
tal, since the group refraction is positive, thus k,, = K 4|0k, with x = 0. There will be no focus
though negative refraction for certain incident angles can be easily achieved [18]. Instead a vir-
tual image will be formed satisfying the same lens equation. However, a PhC could have both
an elliptic EFS and negative group refraction for certain windows of &, at certain frequency.
Here we use some general features of PhC to explain the imaging mechanism. To this end, we
consider the first band of a square lattice PhC of unit lattice spacing. For small &, along the TM
direction, the dispersion can be approximated elliptically as k., =~ K — Gok, with appropriate
constants kK and oy (see Fig. 3). At @y = ®,, the upper limit of all-angle negative refraction
in the first band [12], ¥ = V27— ko(1 — 0p). To enhance the transmission, the slab thickness
can be selected to satisfy the Fabry-Perot resonance condition (x — cp@/c)d = 0 (mod 27x).
The slab is on resonance only for k, — 0. For large ky, k; =~ v/21 — Oy i/ 2kz, large transmis-
sion would require iy to diverge. Thus the image location is bounded op < (4+v)/d < oy 172

and the Fourier components of the object with k, — kp will be partially lost. This leads to a

so-called self-collimation effect for small op. Far field images both inside and outside the slab

with reasonably good quality will be formed. However, the image inside the PhC is stretched
and modulated due to the partial transmission besides the Bloch modulation. Even with the re-
moval of Bloch modulation, the image inside PhC will be visible only for large thickness. For
evanescent waves at @ = @, with k; — ko, one has Ru® = —o; /2 and Spu® — e while for
ke > ko, piE (ky) = p0(ky) — —0y 1. To have substantial sub-wavelength feature of the image,

the real part of u, must take large negative value for small gp. An example is shown in Fig. 3,

which is very similar to Fig. 5 in Ref. [12]. The image is confined in the vicinity of the second

surface of the PhC slab due to a small value of op.

In this paper, we have discussed the group refraction of an anisotropic medium characterized
by two materials parameters ¢ and x. When o is a positive constant, the anisotropic medium
is ENGRM and a flat slab of such medium can be used as a focal lens without optical axis and
leading to images free of aberration, Our theory of flat lens imaging is a generalization of the
Vesalago-Pendry perfect lens and beyond Silin’s formula. The theory is valid for real and virtual
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Fig. 3. (a) EFS of the TE modes of a square lattice PhC calculated using plane wave ex-

pansion. (b) Far-field H; of a point source across an ENGRM slab with dispersion relation

k,; = K — ok, with k = 3.2465 and o = 0.08 which approximates the actual EFS of the
PhC (dashed line in the left panel). The permittivity € = 2.2 is used. Note the modulated

field inside the homogeneous ENGRM. Due to impedance mismatch, the images are not
“perfect” unlike Fig. 2.

images. This flat lens theory leads to a clear understanding of negative group refraction and
flat lens imaging in electromagnetism [13, 12], acoustics [20], and electron waves. Numerical
simulations of homogeneous ENGRM and of PhCs were carried out supporting our theory.

The lack of optical axis for the flat lens has very broad applications and confers important
advantages in optics. Clearly there are no aperture restrictions. There are two characteristics
that might be viewed as limitations. The lensmaker’s formula clearly dictates upper bounds to
u,v < od for real image formation. The other limitation is that magnification is always unity.
For any medium the lens properties ©, x, and also the working frequency ax can be obtained
by inspection of EFS. To have high quality image, ¢ should be constant and close to unity.
The present theory can be used to design tailor-made flat lens. Extension of our theory to three-
dimensions is straightforward.

Work supported by the National Science Foundation and the Air Force Research Laborato-
ries, Hanscom, MA. )
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ABSTRACT

Negative refraction and left-handed electromagnetism in a photonic crystal are demonstrated in waveguide and
free space experiments at microwave frequencies. Precision control to achieve tailor-made refractive indices has been
achieved. The negative refraction in these photonic crystals is shown to lead to imaging by a flat lens. We have also
developed a generalized theory of flat lens imaging. These results promise potential applications in a variety of optical
and microwave systems for communications and imaging.

1. Introduction

Negative refraction (NR) is a new phenomenon allowed by Maxwell’s equations that has led to novel effects
regarding the propagation and control of electromagnetic waves. In a negatively refracting material, electromagnetic
waves obey a lefi-handed relationship between the vectors E, H and k, and hence the media are also referred to as left-
" handed metamaterials (LHM). NR has been recently demonstrated in two types of LHM - composxte metamaterials "
made of split ring resonators and wire strips, and in photonic crystals (PC) ™.

- Negative refraction in LHM leads to new optical and electromagnetic components that open the door for new
applications from microwave to optical frequencies. An interesting application of negative refraction is superlensing”
effect by a flat lens with no curved surfaces that can potentially overcome the diffraction limit imposed by conventional
- lenses. We have recently fabricated a flat lens recently using a photomc crystal structure and demonstrated focussing

without optical axis'®, The flat lens is best suited when the source is close to the surface of the lens. For those
appllcatlons where imaging of far objects is important, we have recently demonstrated focusing by a plano-concave lens
" using negative refraction, thus enablmg several applications of far field imaging"™,

In this paper we describe the experimental setups and results that demonstrate negative refraction in photonic
crystals. The experimental results are in excellent agreement with band structure calculations. A generalized theory of
" imaging by a flat lens is briefly described, accompanied by numerical confirmation of imaging by a lens composed of
periodic scatterers. These results confirm the experimental results reported earher in real photonic crystal flat lens
experiments,

2. Experimental setups

We have carried out two types of experiments that demonstrate negative refraction in PC, parallel plate
" waveguide™ and free space experiments inside an anechoic chamber®. In both cases microwave refraction
measurements were carried out on wedge prisms fabrlcated from PC structures, and negative refraction was clearly
observed.

2.1. Parallel Plate Waveguide experiments

_ The microwave photonic crystal consists of an array of cylindrical copper rods with a radius 0.63 cm arranged
in a triangular lattice. The ratio of the radius r to lattice constant a is kept at»/a =0.2. Refraction measurements are

!'s.sridhar@neu.edu
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Figure 1 (Left) Free space experimental sétup for microwave refraction measurements. (Right)
Directions of the wavevectors and the group velocity in the refraction experiments for negative and
positive refraction. '

carried out in a metallic parallel plate waveguide. The excitation inside this waveguide is transverse magnetic (TM),
" meaning that the electric field E,, is parallel to the axis of the dielectric rods. The collimated microwave beam

propagates a distance of ~1m in the waveguide, and then is incident normally to the PC wedge (see Fig. 1).
’ The other face of the prism, which is the surface of refraction, is at 60" to the incident beam. A dipole antenna
is mounted on a goniometer that runs along the semicircular outer edge of the parallel plate waveguide to detect the
refracted beam. The refraction is considered positive (negative) if the emerging beam is detected at positive (negative)
angles as shown in Fig 1. :

The calibration of the refraction experiment set up is validated by the refraction experiment performed on a
polystyrene prism of the similar dimensions to the PC prism that corresponds to a positive refractive index n=1.58 as
expected by theory.

2.2. Free Space Experiments

In addition to the parallel plate experiments described above, we also catried out free space (FS) experiments
using metallic PC prism suspended in air. The principal advantage of these free space experiments is the ability to
separate out beams over large transmission distances of 3m. Furthermore, the polarization can be varied and refraction

experiments were carried out for both for both TM (E' | to the rod axis) and TE (E' L to the rod axis) mode
propagation. Excellent agreement with band structure calculations was observed for both polarizations, showing that a
PC can exhibit negative refraction with tailor made refractive indices in a large frequency range.

The microwave photonic crystal consists of an array of cylindrical copper tubes arranged on the same
periodical triangular lattice as described in the above parallel plate waveguide experiment. Refraction experiments were
performed in an anechoic chamber of dimensions 5 x 8 x 4 m’ to prevent reflections from the walls. A square X-band
horn placed at 3 m from the PC acts as a plane wave source (Fig.1). A piece of microwave absorber with a 6x6inch?
aperture in front of the PC was used to narrow the incident beam. On the far side another square horn was attached to a
goniometer which swings around in two-degree steps to receive the emerging beam. Refraction is considered positive
" (negative) if the emerging signal is received to the right (left) of the normal to the surface of refraction of the PC.

Measurements were carried out with the incident wave vector k, along I' - M (0,1) direction of the first Brillion zone

of the PC and in both TM and TE modes. The angle of incidence @ = 60° forI" —» M is chosen in order to minimize
surface periodicity along the surface of refraction, thus eliminating higher order Bragg waves.

, 3. Results

A 3D plot of the transmitted intensity measured at different angles in the frequency window 6-12GHz for the TM mode
propagation is shown if Fig. 2 b2. Also shown are polar plots of the transmitted intensity at selected frequencies 6.68,
9.315 and 10.77 GHz showing the emerging beams.

17



As can be seen from the figure between 6 and 7.1 GHz the signal emerges on the positive side of the normal to the
surface corresponding to positive refraction. No transmission is observed between 7.1 and 8.3 GHz. Above 8.3 GHz and
11 GHz two signals are observed on the positive and negative sides of the normal corresponding to 1* and 0™ order
Bragg wave refraction. The negatively refracted signal is strongest from 10.14 -11GHz and positively refracted signal
around 8.6-9.6 GHz and in the frequency window 9.6-10.14 GHz both signals have the same strength. So with the
increase in frequency the positive signal gets weaker while negative signal gets stronget. The experimental refractive
index n is obtained from applying Snell’s law » =sin(8,)/sin(g;) to each emerging beam. The validity of Snell’s law

has been established earlier in metallic PCs (ix).
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Fig. 2 Figures 2 al, a2, a3 show polar plots of wave directivity for representative
Jrequencies of 6.68 GHz, 9.315 GHz and 10.77GHz. Figure 3bl shows the band structure of
the triangular lattice of metallic PC with packing density r/a=0.2 for TM Mode and Figure
2b2 shows the 3D experimental map of the refracted field versus frequency and angle of
refraction. : :
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Fig. 3 3 ashows a 3D experimental plot of the magnitude of the field versus frequency and angle of refraction

and Fig. 3'b shows the band structure calculation for triangular lattice PC with'r/a=0.2 in TE mode .

We have also carried out measurements of refraction for TE mode propagation. The band structure for TE
mode is shown in the figure 3. Here negative refraction is observed between 6.4 — 9.8 GHz and positive refraction
between 9.8 -12 GHz. It is important to note that negative refraction is possible for both TM and TE modes; such a
freedom in the choice of modes provides a crucial advantage of using the metallic PC over the split ring wire array
metamaterial,

3.1. Band Structure Calculations

The physical principle behind the present results can be understood from the band structure-of the metallic PC.
" We have calculated the band structure of the triangular lattice PC employing a finite difference method. For the TM
modes, the electric field can be identified with the wave function of a 2D periodic 3-shell potential barrier, thus a plane
wave expansion method can be used to calculate the band structure. The 2D band structures of both TM and TE are

shown respectively in Figs. 2 (b1) and 3(b). For a plane wave with incident wave vector/_c.,. and frequency @ incident

normally on an air-PC interface, the wave vector k  inside the PC is parallel or anti-parallel to ic; as determined by the
band structure. For a general case the phase velocity 7, =(c/|n,,|)l€ p with £ y =k y /|12 fl and the group velocity ﬁg =V;o

can have any angle between them. Thus distinction must be made between negative wave vector refraction and negative
group refraction. '

An effective refractive index can be defined n, = sgn(ﬁg i , )c|l€ f, /@ and calculated from the band structure.
. The sign of n, is determined from the behavior of the EFS. Negative wave vector refraction will happen if

;g v r <0while negative group refraction will be present only if ;g -(7; 7 —;)<Owith x is the center of the equi-
frequency surface (EFS) ellipsoid. Note that the direction of the group velocity v, in an infinite PC coincides with that

of the energy flow. If only the zero-th order Bragg wave refraction is present, conservation of the k  component along
. the surface of refraction would result in positive or negative wave vector refraction, depending on whether k ris parallel

or anti-parallel to group velocity.

If higher order Bragg wave refraction is present, the emerging beam can be written as ¥, = aoe”‘""F + aleik"'F

where ko and kq represent the refracted wave vectors corresponding to the 0" and 1 order Bragg wave-vectors of the
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field inside the PC. 2™ and higher order Bragg wave refraction is ignored. Let the component of k, along the normal to
the surface of refraction of the prismbe &, . One has ¢, = sz /c* —kZsin?@ andg, = sz 1¢* -Q2rla-k;sin6)*

where 6=n/3 is the incident angle at the second surface of the prism and a is the lattice periodicity. The parallel

component is k, =k sin@. The refracted anglé can be obtained from 6, = tan™! (ky !k, ) for each beam.

From the band structure and the EFS for TM mode of propagation negative refraction is predicted for the
second and third band regions, with positive refraction in the 1* band. In the 1* band between 6-7.1GHz the EFS move
outward with increasing frequency, so that v, 'k ,>0. In the second band between 8.3-11 GHz, the EFS move inward
with increasing frequency, consistent with 7, < 0 corresponding to 7, -Ef <0 (v, anti-parallel to k +)- The band gap is

in the frequency range 7.1-8.3 GHz between the 1* and 2™ pass-bands and from 11-11.2 GHz between the second and
third bands.

3.2. Discussion

TM MODE

The agreement between experimental results of refraction and those deduced from band structure calculation is
remarkable. In Fig 3(c) the representative experimental results show that negative and positive refraction are present in-
different frequency ranges.

I. In the first band between 6 — 7.1 GHz the refraction is positive, consistent with n, >0 from the band structure

and correspondmg to RHE vg iy 7 > 0. The representative plot at f = 6.68 GHz, Fig. 2(al) shows that the signal
is largely in the positive direction.

II. In the second band between 8.3 — 11 GHz, the refraction is negative for the zero’th order Bragg wave refraction,
consistent with 7, < 0 from the band structure and corresponding to LHE ;g Ny s < 0-There is observed also a

first order Bragg wave that is positively refracted in the same frequency window. This branching of the beams
observed in metallic rods in air design can be eliminated in a dielectric PC design, where only a single beam can
be observed. Two illustrative plots corresponding to 9.315 and 10.77 GHz show that the signal is strongly peaked
in the negative direction and becomes stronger with the increase in frequency.

III. A band gap is clearly observed in the experiment, which matches with the band structure, in the region between
7.1-8.3 GHz. As can be seen from the 3D plot figure the transmission through the PC is near zero.
TE MODE

It is important to note that negative refraction is possible for TE mode as well. Such a freedom in the choice of modes is
a crucial advantage of using the metallic PC over the split ring wire array metamaterial.

I. In the first band between 6.4 — 9.8 GHz the zero’th order Bragg wave refraction is negative, consistent with
n, <0 and ;g iy f <0 from the band structure and corresponding to LHE. The bandwidth of this negative band

is 39% which is quite a remarkable improvement.
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II. In the second band between 9.8 — 12 GHz, the refraction is largely positive, consistent with n p >0 from the

band structure and corresponding to RHE ;g Y 7>0.

II. The absence of a band gap from 6-12GHz along GM Brillion zone propagation direction as predicted by the band
structure calculation is in complete agreement with experimental results shown in Fig 3a.

3.3. Imaging by a Flat Lens

Negative refraction using LHM leads to entirely new and fascinating concepts for image formation. One of the most
striking consequences of NR is the ability of flat surfaces to focus a divergent beam and hence leads to imaging of an

. object placed near the lens. A negative index flat lens reconstructs not only the far field propagating waves, but can also
- reconstruct evanescent waves.
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Image formation is wave reconstruction of both far and near fields. We have-developed a new approach to imaging by a
flat lens made of a proposed artificial metamaterial [xii]. The key aspect of a flat lens using LHM is the absence of an
optical axis. In contrast, current flat lenses like the Fresnel lens, which use gradient-index refractive material (GRIN),
and all have an optical axis. The conditions for image formation are determined by the requirement that the phase shift

®= J'Z .dl from object to image is independent of wave vector for all directions. Flat lens imaging can be achieved by

" fabricating a material which.has appropriate dispersion relations a;(-I::) . The intrinsic parameters that define the new

material are o, which is determined by the dispersion characteristics of the material, and «, which is a measure of the
phase shift exp(iowd) by the flat slab. This is a generalization of Pendry’s flat lens with elliptic dispersion

k2 + 072 (k, - x)* = @* / * and negative group refraction vg (ks —K) < 0. The lens equation for a slab of thickness d is

determined to be u+v=cd. Here u and v are the distances of the object and the image from the nearest surfaces. Unlike

" GRIN, the effective refractive index is angle dependent n(9) , not spatial dependent n(x) . The lens constant x determines
whether the lens has positive or negative refractive index n, and gives rise to a phase shift of the image exp(ioxd) .
Simulations of image formation by such a material are shown in Fig.7. The space inside the slab appears to be stretched

- by a factor of o. “Perfect” images are achieved when the material is suitably matched to its environment as shown in the-
figure. We have shown that this material can be realized approximately using photonic crystals to achieve the desired
w(k) -This preliminary theoretical investigation of a special material for flat lens imaging is entirely novel and can lead
to new designs for flat lenses. The theoretical principles that we have obtained will be used to design novel flat lenses
made of metamaterials and photonic crystals. The main goal is to design a material with suitable characteristics leading
to minimal reflection and “perfect” imaging.

In our flat lens experiment the image is imperfect and reveals the presence of satellites — this is due to the fact that the
propagation is along the so-called I' — X for a square lattice in the 2" band where the inside the crystal the 1* Bragg.

" wave-vector is involved. A better image should be achieved with propagation along the I' & M in the first band where
also the negative group refraction condition can be satisfied. Under this condition a single image should be possible.
More generally the best conditions of imaging are achieved when the equifrequency surfaces are circular or nearly so,
and consistent with negative refraction.

NUMERICAL SIMULATIONS OF FLAT LENS IMAGING

To understand flat lens imaging, we consider a model system which is a periodic 8-shell potential

V(re 72,- o r-R i | =1y) . For y—oo, the wave function must vanish on the disk boundary. The wave function is

equivalent to the electric field of the TM modes of a metallic PC. We have used this model to simulate negative
refraction in metallic PC. For attractive potential y <0, and within appropriate energy window, negative refraction and
flat lens imaging of waves can be achieved. Below is a band structure of a square lattice for y=-4.5 and r¢/a=0.2 with
lattice spacing a. It is predicted that above ka/27=0.14, all-angle-negative-refraction can be achieved along the 'M
direction. ' '

The flat lens imaging of a point source —< H,(kr) is shown below at ka/27=0.14 with a distance u = 0.4a away from
4740 . y

the first surface. A clear image'is seen on the other side of the slab at v=4.704. This gives an effective c.;=1.03 which is
consistent with the EFS. When the source is moved away from the first surface of the slab, the image will move toward
the second surface. When u > od, virtual image will be seen through ray-tracing.

The mechanism of sub-wavelength imaging is due to the bounded states of the 8-shell potential. The surface waves are
not present if no 8-shell is broken.

For real photonic crystals or the above 8-shell potential model, the effective refractivé index o is angle dependent. At
certain frequency and with appropriate design, the EFS can be elliptic with negative group refraction, the image can
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have high quality with small aberration. Otherwise, the image will be blurred due to aberration. Our flat lens theory can
be used to design high quality flat lens.

4. Conclusion

The phenomenon of negative refraction in periodic media embodied by photonic crystals is well established by the
experiments described above. The imaging and focusing experiments also show that entirely novel concepts are possible
- due to NR. Optical components utilizing NR are expected to have several advantages such as enabling sub-wavelength
resolution, flat lenses without optical axis thus avoiding optical alignment, and improved performance such as due to
reduced aberration for the same structural dimensions. In addition light weight and compact structures offer additional
advantages in a variety of applications. :
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Focusing by planoconcave lens using negative refraction

P. Vodo, P. V. Parimi,® W. T. Lu, and S. Sridhar®
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We demonstrate focusing of a plane microwave by a planoconcave lens fabricated from a photonic
crystal having a negative refractive index and left-handed electromagnetic properties. An inverse
experiment, in which a plane wave is produced from a source placed at the focal point of the lens,
is also reported. A frequency-dependent negative refractive index, n{(w) <0 is obtained for the lens
from the experimental data which match well with that determined from band structure
calculations. © 2005 American Institute of Physics. [DOI: 10.1063/1.1927712]

Negative refraction in left-handed materials (LHM)'™®
has triggered intense interest in designing microwave and
optical elements, a flat lens being one of them.” In the case of
the flat lens, the waves entering from the source refract nega-
tively on both interfaces and meet constructively on the far
side of it. Thus, a flat lens applies phase correction to the
propagating waves—similar to a conventional lens made of a
naturally available material and having a positive index of
refraction. However, it operates only when the source is
close to the lens.”® For a majority of applications of lenses in
optics, astronomical telescopes, commercial, and defense mi-
crowave communications, far-field imaging is required.
Negative refraction allows focusing of a far-field radiation by
concave rather-than convex surfaces,” with the advantage of
reduced aberration for the same radius of curvature and
changes many commonly accepted aspects of conventional
optical systems. Of the two classes of LHM currently being
investigated, focusing using a planoconcave lens made of a
left-handed metamaterial (MM) fabricated by interleaving ar-
rays of wire strips and split ring resonators was demonstrated
experimentally by Parazzoli et al.'®

In this letter, we demonstrate that a real image of a far-
field radiation can be produced using a left-handed photonic
crystal (PhC) lens. We also report an inverse experiment in
which the lens produces plane waves from a point source
placed at the focal length. The frequency-dependent refrac-
tive index, n(w), determined from the experimental data, is
in complete agreement with that predicted by the theory us-
ing band structure calculations. The results confirm that far-
field focusing is realizable and opens the door for several
applications of the LHM in the far-field region.

Microwave focusing measurements are carried out using
three planoconcave lenses made of a dielectric PhC. The
radii of curvature of the lenses are 13.5, 17.5, and 22 cm.
The two-dimensional PhC consists of a periodic array of
alumina rods in air, arranged on a square lattice and having
dielectric constant, e=8.9. The ratio of the radius of the alu-
mina rods to the lattice spacing is r/a=0.175. Microwave
measurements are carried out in a parallel plate waveguide.
An X-band waveguide kept at a distance of 150 cm from the
flat surface of the lens acts as a microwave source. The emit-
ted wave travels through the parallel-plate waveguide and
the eventual plane wave is made to incident on the flat sur-

“Electronic mail: pa.parimi@neu.edu
Electronic mail; s.sridhar@neu.edu
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face of the lens. The propagation of the wave inside the PhC

is along I'X direction of the Brillouin zone. Field maps of the
incoming plane wave and the emerging radiation, on the far
side, are captured using a monopole sensor on a ground
plane. The sensor is hooked up to an automated X-Y transla-
tional stage which scans for the electric-field component of
the microwaves in the region of interest as shown in Fig. 1.
An HP-8510C network analyzer is used for measuring the
transmission characteristics.

Figure 2 shows a sharp focus point achieved at 10.1 cm
using the planoconcave PhC lens of radius of curvature 13.5
cm. From left to right, the incoming plane wave, a real pic-
ture of the PhC. lens, and the emerging mapped field are
shown. A clear focusing point is observed in the frequency
range of 9.265-9.490 GHz. Note that the direction of the
energy flow changes only at the second interface of the
planoconcave lens. To validate that the focusing is due to
negative refraction, an inverse experiment is carried out, in
which a point source is kept at the observed focal point of
the lens. As can be seen from Fig. 3, a circular wave front
from the point source after passing through the lens emerges
as a plane wave. These two results validate the behavior of
the left-handed planoconcave lens. A similar lens made of a
naturally available material, on the contrary, would not be

- able to produce a real focus point as the present PhC lens

does, but rather produce a diverging beam.
The refractive index of the lens is determined using the
lens equation n=1-R/f, where R is the radius of curvature
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FIG. 1. {Color qnline) Schematic diagram of the microwave focusing ex-

- perimental setup.
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FIG. 2. (Color) Focusing by a planoconcave PhC lens having radius of
curvature 13.5 cm. The focus point observed at 9.31 GHz is 10.1 cm from
the concave lens surface. A photograph of the PhC is superimposed on two
MATLAB surface plots to obtain the final figure. Dark strip in the center is a
schematic representation of the area between the lens and the incoming
wave. On the left side, field map of the incoming plane wave is shown (real
part of transmission coefficient) and on the right side, intensity of the focus
point. Scale: On the left, the real part of S21 varies from —-0.025 to 0.025, on
the right side intensity from 0 to 1.6 X 1073, Dimensions of the figure are
49X 34 cm®. PhC lattice spacing is 1.8 cm and the packing density of the
square lattice is determined from the ratio r/a=0.175.

and f is the focal length. Using this description, we get
n=-0.4 at 9.25 GHz. Note that real focusing by a planocon-
vex lens is achieved with n>1, R<0, while for the plano-
concave lens with R>0, n<1. In Fig. 4, experimentally de-
termined n(w) for all three lenses is shown. It can be seen
that for R=13.5 cm a sharp focus is achieved in the fre-
quency range from 9.25 GHz to 9.5 GHz, for R=17.5 cm in
the range from 8.5 GHz to 9.2 GHz, and for R=22 cm, from
7.8 GHz to 8.1 GHz.

The nature of the left-handed electromagnetism and fo-
cusing can be understood from the dispersion characteristics

of the PhC. Figure 5 shows band structure calculated for the

PhC using a plane wave expansion method. From the band
structure, it can be deduced that in the second band for
propagation along I'X direction, the wave vector £ is in op-
posite direction to group velocity, vgiv,-k< 0,!? resulting
in negative refraction in the second band and correspond-
ingly negative refractive indices. From the band structure the
theoretical refractive index n=ck/w is determined. The solid
line in Fig. 4 shows n(w) obtained at various frequencies. As
the frequency increases from 7.8 to 9.8 GHz, the theoretical
n increases from —1.1 to 0. Note that both the experimentally
obtained refractive indices and the theoretically calculated
values are in complete agreement.

~ In Fig. 4, it can be observed that n(w) determined for
each radius of curvature fall in certain frequency windows,
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FIG. 3. (Color) Field maps of the incident source and the emerging plane
wave. Scale: On the left side intensity varies from 0.005 to 0.055, on the
right side the real part of §21 from —-0.025 to 0.015. Dimensions of the
figure are 49 X 34 cm?
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FIG. 4. (Color online) n(w) determined from the focusing experiments using
PhC lens. Note that the theoretical prediction (solid line) maiches excel-
lently with the experimental results.

and these windows move downward as the radius of curva-
ture is increased. The inhomogeneity of the PhC lens leads to
corrugation on the concave surface. Windowing of refractive
indices for each radius of curvature could be due to corruga-
tion, as the conservation of wave vector on the refracting
surface is considerably effected from such corrugation lead-
ing to no focus point. However, in the regions where focus-
ing is achieved, corrugation has minimal effect on the sharp-
ness of the image.

The present lens has several advantages when compared
to the one with positive index. Lenses with reduced geomet-
ric aberrations produce sharper image with enhanced resolu-
tion and find numerous applications. For any value of n<<0,
the radius of curvature of the left-handed PhC lens is always
larger than that of its counterpart, a positive index planocon-
vex lens. Larger radius of curvature gives the advantage of
reduced aberration in the image formed. Secondly, a PhC
lens having the same focal length as that of a conventional
lens weighs far less, and is suitable for space applications.
The tailor made refractive index achievable in PhC
materials'? allows further control on the focal length and
thereby helps reduce the length of the optical systems.

Bandwidth for obtaining a sharp focus point is a crucial
parameter that decides the eventual applications of the left--
handed lenses. The present PhC lens reveals a wide band-
width of 2 GHz, which is 22.7% at the current operating
frequencies. In comparison to a planoconcave lens made of
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2%IG. 5. (Color online) Band structure of the PhC calculated from plane

wave expansion method.
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the MM, the PhC bandwidth is much larger. Due to the reso-
nant nature of the MM the bandwidth is usuallPl restricted to
a narrow region and the dispersion is stronger.”~ The weaker
dispersion in the PhC makes it a better candidate for focus-
ing a pulse or broadband radiation.

In conclusion the feasibility of designing a broadband
left-handed lens is experimentally demonstrated. Focusing of
plane waves by the planoconcave PhC lens is achieved for
three different radii of curvature. The focal length follows
the standard laws of geometrical optics applied with negative
refraction. Further, the measured values of refractive indices
of the lens are in complete agreement with those determined
from band structure calculations.

This work was supported by the Air Force Research
Laboratories, Hanscom AFB under Contract No. F33615-01-
~1-1007, and the National Science Foundation.
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Slow microwaves in left-handed materials

E. Di Gennaro, P. V. Parimi,* W. T. Lu, and S. Sridhar
Electronic Materials Research Institute and Physics Department, Northeastern University, Boston, Massachusetis 02115, USA

J. S. Derov and B. Turchinetz
Air Force Research Laboratories, Hanscom AFB, Massachusetts 01731, USA
(Received 9 July 2004; revised manuscript received 9 December 2004; published 19 July 2005)

Remarkably slow propagation of microwaves in two different classes of lefti-handed materials (LHM’s) is
reported from microwave-pulse and continuous-wave transmission measurements, Microwave dispersion in a
composite LHM made of split-ring resonators and wire strips reveals group velocity vg~¢/50, where ¢ is the
free-space light velocity. Photonic crystals (PhC’s) made of dielectric ALO; rods reveal v,~¢/10. Group
delay dispersion of both the composite LHM and PhC’s determined from the experiment is in complete
agreement with that obtained from theory. The slow group velocities are quantitatively described by the strong

dispersion observed in these materials.

DOI: 10.1103/PhysRevB.72.033110

Recent observation of left-handed electromagnetism in a
composite metamaterial! (CMM) made of split-ring resona-
tors and wire strips and photonic crystals (PhC’s) comprised
of periodic arrangements of metallic or dielectric elements
has revealed the unique propertics of these left-handed ma-
terials (LHM’s). Negative refraction'-4 and imaging by flat
lens,>¢ which are consequences of left-handed electromagne-
tism, are well established in both CMM and PhC’s. The
CMM simultaneously possesses negative permittivity &' <0
and permeability 4’ <0 in a small frequency window, result-
ing in a refractive index n’ <0, since ﬁ:\/ﬁx §<0 with
lw)=n"+in", flw)=p'+ix", and &(w)=¢&'+ic". The PhC,
although locally has positive u'(w) and &' (w), possesses ef-
fective negative refractive index n’(w)<0 in certain fre-
quency ranges due to its dispersion characteristics.

The electromagnetic (EM) waves are expected o experi-
ence delay in the LHM due to the strong dispersion, first
noted by Veselago.” Another peculiar EM property of the
LHM is backward wave propagation with opposing phase
and group velocity directions. Fundamentally, investigation
of group velocity is interesting as the wave propagation di-
rection and speed are determined by the group velocity rather
than the phase velocity. Also, low group velocities would
allow control of light propagation and could lead to several
applications including delay line filters and phase shifters,
from microwave to optical frequencies. Photonic dispersion
determined previously for multilayer of Fibanocci quasi
crystals®® revealed a slowing down of the wave packets
close to the photonic band edge with v,~c/5. Slow v, of the
order of order of ¢/3 was observed in Si/SiO, pﬁotonic
crystals,!® and similar values are obtained on AlGaAs-based
photonic crystal slabs.!! Besides, a recent theoretical
investigation'? has proposed subluminal propagation in the
LHM.-

In this report we present the results of pulse propagation
in two different classes of left-handed materials: the CMM
and PhC’s. The results show that the group velocity is as low
as ¢/50 in the CMM and ¢/10 in PhC’s. The experimental
results of group velocity dispersion are in good agreement
with the theory.

1098-0121/2005/72(3)/033110(4)/$23.00
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PACS number(s): 41.20.Jb, 42.70.Qs, 72.30.+q

The CMM was made by interleaving parallel arrays of
split-ring resonators (SRR’s) and wire strips (WS’s) etched
out on a circuit board using photolithography. The circuit
board material is made of Taconic FR-35 with £'=4.7 in the
microwave region. The cell size is 0.5 cm, the distance be-
tween the interleaved arrays. An array of SRR’s and WS’s
should result in an effective-negative-permeability and
negative-permittivity material. Therefore a lattice of such
material produces a negative-index metamaterial (NIM) that
has effective n' <<0. Further details of the fabrication of the
CMM are given in Refs 1, 13, and 5.

The microwave PhC’s consist of an array of cylindrical
Al,O; rods, having dielectric constant &'=9, radius
0.316 cm, and height 1.25 cm arranged on a square lattice.
Two different PhC’s having different »/a ratios, r being the
radius and a lattice constant, were fabricated. For PhCl,
r/a=0.175, and for PhC2, it was 0.35. These left-handed
PhC’s manifest tailor-made refractive index!'4 with high
dnl/dw which is well established from continuous-wave (cw)
microwave experiments.'

Figure 1 shows a schematic diagram of the experimental
setup used for the pulse measurements carried out in the time
domain. The setup consists of an HP 70820A microwave
transition analyzer (MTA) connected to an HP 8341B syn-
thesized sweeper (SS). A Princeton pulse generator FG100 is
employed to get a pulse of width 35 ns. The pulse thus gen-
erated with a carrier frequency in the microwave region is
made to pass through two transmission lines (A and B) using
a splitter. Two isolators are connected to the beam splitter to
prevent reflected signal interfering with the signals fed to the
reference and sample transmission lines. The signals are ana-
lyzed by the two MTA input channels. To enhance the sen-
sitivity of the measurement, the difference in the time delay
between the reference and transmission lines, with no sample
loaded, is set to zero. An X-band rectangular waveguide
transmission line is used for measurements on the CMM.-
The PhC was assembled in a parallel plate waveguide in
which the propagation mode is TM with electric ficld parallel
to the Al,O4 rods. In all the measurements, the background

©2005 The American Physical Society
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FIG. 1. Photographs of composite metamaterial (a) and photonic
crystal (b). Schematic diagram of the pulse delay measurement
setup (c).

time delay caused by the transmission lines and rectangular
waveguide is well accounted for to obtain the time delay due
to the sample alone. The experiment is validated by measur-
ing pulse delay in an empty waveguide, which matches with
the predicted value as shown in Fig. 2.

Previous cw measurements'® on the CMM indicate that

the LH transmission band lies between 9.8 and 10.4 GHz.

Therefore pulse measurements were carried out in this region
on CMM samples of two different lengths: /=1.5 cm (four
slabs) and /=1 cm (three slabs). Figure 2 shows the group
velocity dispersion in the CMM of two different lengths de-
termined from pulse delay using v,=1/t, where ¢ is the time
delay. A similar group velocity dispersion in both samples
indicates that there is no dependence on the sample thick-
ness. The v, is very low and varies from 0.08 to 0.01 be-
tween 9.8 and 10.3 GHz. v, appears to diverge near the low-
est frequencies. These frequencies correspond to the edge of
the CMM passband in which the left-handed nature is not
well established. Consequently only the results in a fre-
quency window 9.9-10.3 GHz are con51dered representative
of the CMM.

Pulse delay in homogenous and inhomogeneous material
media can occur due to scattering of waves. Also, at the
interface of vacuum and the material medium a pulse suffers
from a short delay due to the transient time needed for the
transmitted wave to reorganize and eventually pass through
the PhC. However, the time delay caused by these two

mechanisms is short and cannot account for the long delay -

times observed. The present results can be understood from
the dispersion characteristics of the waves in the CMM.

" Analytic calculations suggest that effective &(w) of WS
(Ref. 16) and ii(w) of SRR (Ref. 17) can be described by

2 2
E( w), f(w)=1- Demp = Demg
. =

2 2 . ’.
W= W, o+ LDV

where w=27f, w, (w,) is the low-frequency edge of the
electric (magnetic) forbidden bands, w,, (@,,) is electric
(magnetic) plasma frequencies, and v, (¥,) is the corre-
sponding damping factor. The index of refraction. n'(w) <0
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- FIG. 2. Group velocity dispersion of CMM in a waveguide.
Slowest v, of ¢/50 is. obtained at 10.3 GHz in this configuration,
Solid line is a fit to the analytical model.

in the range max(w,ug, @.0) < @ <min(w,,, w,,). Due to the
resonance effect just below the magnetic and electric plasma
frequencies, both permittivity and permeability functions un-
dergo large changes with frequency, which results in unusual
negative values for these two material parameters, Conse--
quently a negative value can be assigned to the refractive
index n’(w) when both u’(w) and &' (w) are negative, as well
as a strong dispersion results. A notable feature of the group
velocity dispersion is the decrease in v, with the increase in
frequcncy, which validates the nature of the analytical ex-
pression in accordance with the causality requirement. The
present v, dispersion is robust and compares well with that
determined from the cw technique.'S The excellent agree-
ment between these two values is evident from Fig. 2. Also,
a fit to the experimental data using the analytical model and
V= BI[k(7i+wdii/dw)] is shown in the figure, where k
=fwl/c, B=Vk*-(w/a)%, and a=2.3 cm, the width of the
x-band waveguide. It can seen that the v, determined from
the model follows the experimental data very well for the fit

- parameters f,,=5 GHz, f,,=8 GHz, f,,=25GHz, f,,
=10.9 GHz, y,=1.3 GHz, and ,,=0.043 GHz. These values
are consistent with that obtained from the cw measurement.'”
The free-space group velocity determined using the model
varies from 0.052 to 0.034 (in the units of 1/¢) in the region
9.8~10.3 GHz.

In Fig. 3, v, of PhCI of thickness 10 layers for the pulse
propagation along the I'X direction of the first Brillouin zone
is shown. The slow- wave propagation with v, varying form
0.2 to 0.35 in the region 7.73-9.4 GHz is evident. Figure 4
shows the group delay dispersion for three different samples
of thickness 8, 12, and 16 layers of PhC2. For all the three
measurements the pulse propagation is along the I'M direc-
tion of the first Brillouin zone. Note that the v, is very low
and varies from 0.45 to 0.1 between 7 and 8.3 GHz. The
results also indicate that there is no dependence of u, on
sample thickness. As in the case of PhCl, PhC2 also indi-
cates slow group velocities.

The low v, obtained on all the samples ot PhC1, PhC2,
and CMM is striking and forms a salient feature of this com-
munication. In the case of PhC’s, the slow U, can be attrib-
uted to the dispersion characteristics of the waves, which can
be determined from the band structure.

033110-2

28


hobbs
Text Box
 


BRIEF REPORTS

0.5 T T T T
0.4 - |
0.34
(@]
)
>
0.2
0.14 o v along X
) band structure calculation
0.0 k T v T T T T ~
76 80 8.4 88 9.2 9.6

Frequency [GHz]

FIG. 3. Group velocity dispersion of lefthanded PhCl with
rla=0.175. Note the low v, with the lowest value of ¢/5 at
9.3 GHz.

The band structures of the PhC1 and PhC2 are shown in
Fig. 5. We have investigated the band structure of both the
PhC’s for left-handed or right-handed behavior .of micro-
waves following Refs. 2, 4, and 18. The strong modulation
in. the PhC would result in guided modes with waves having
different phase velocities at different frequencies. The
phase and group velocities in a medium are given by v,
=(c/ln,,|)lef with fgf=13p/|12p| and U, =Viw. An effective refrac-
tive index can be defined, n,=sgn(J,k.)c|k |/ w, and calcu-
lated from the band structure. The sign of n, is determined
from the behavior of the EFS,219%° which are drawn from
the dispersion curve of the band structure.

In the case of PhC1 with r/a=0.175 careful observation
" of the band structure (solid line in Fig. 5) reveals that in the
second band near the band edges where the light line crosses
the bands, the group velocity is antiparallel to the propaga-
tion vector £ and the refractive index is negative. This is a
characteristic of the left-handed behavior in the PhC. The
group velocity dispersion determined from the band structure
(solid line) is shown in Fig. 3. The experimental result strik-
ingly matches with the theory. A key feature of the band
structure is the flattening of the bands at the band edges. The
v, in these regions is expected to be low. Below the
band edge 7.7 GHz, v,=0 and no propagation takes place.
It is interesting to note that as frequency decreases from
8.510 7.7 GHz, vg'decreases and both v, and the refractive
index approach zero.? The discrepancy between the. experi-
mental and theoretical v, near the band edge 7.7 GHz is
due to a drastic reduction in signal strength at the band
edges, which results in larger error in the measurement
of v,. :
F%llowing a similar band structure analysis for PhC2 it
can be deduced that in the region 7—-8.5 GHz the electro-
magnetism is righthanded. In this region the directions of E
and ﬁg such that Jg-lgf> 0. Figure 4 shows the group velocity
dispersion determined from band structure. Evidently, as in
the case of PhC1, excellent agreement between the theoreti-
cal and experimental results is achieved in the entire fre-
quency range. It is important to note that maximum slowing
down of the v, is obtained close to the band edge 8.3 GHz. A
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FIG. 4. Group velocity dispersion of right-handed PhC2 with
rla=0.35. Note the very low v, with the lowest value of ¢/10 at
8.3 GHz.

similar low v, value for PhC1 could have been obtained but
is prevented by the very weak signal strength.

In conclusion, low group velocities are observed in left-
handed metamaterial and photonic crystals. These results
validate the behavior of the waves expected from the disper-
sion characteristics in these media. A quantitative description
of the experimental results is obtained using the analytical
model in the case of the CMM and band structure in the case
of PhC’s. An important feature is a strong slowing down of
the waves at the band edges of the PhC’s. The group velocity
reduction observed in the photonic crystals is more than 3
times larger than that of Fibanocci quasicrystals and 9 times
that of colloidal photonic crystals of polystyrene.2! Such low
v, are due to strong modulation (with a dielectric contrast
9-1) in the present PhC’s by way of weak modulation in the
colloidal polystyrene (contrast 2.5~1) PhC. The present in-
vestigation indicates that very slow group velocities, lower
than that presented here, are possible in metamaterials and
photonic crystals having low transmission loss. These mate-
rials can be tailor made to have a strong dispersion with very
high dn/dw to result in lower group velocities. The availabil-
ity of high-permittivity materials with minimal losses facili-
tates the design of tailor made photonic crystals with slow
v,. The ability to mold and slow light leads to several appli-

'RJ"
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2] 2 - ==~ 1/a=0.35 N

o /a=0.175 \

0 T —F— Y T T T

00 02 04 06 08 10 12 14 16

r X M r

FIG. 5. TM-mode band structure of square lattices PhC1 and
PhC2. Note the flattening of the bands at the band edges which
results in slow group velocities.
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cations of metamaterials and photonic crystals which are not
possible with conventional materials. Important of them are
delay line filters and phase shifters. The slow group veloci-
ties obtained at microwave frequencies can also be obtained

" PHYSICAL REVIEW B 72, 033110 (2005)

at optical frequencies by scaling the material parameters to
micron sizes.
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Negative Refraction and Left-Handed Electromagnetism
in Microwave Photonic Crystals
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We demonstrate the negative refraction of microwaves in a metallic photonic crystal prism. The
spectral response of the photonic crystal prism, which manifests both positive and negative refraction,
is in complete agreement with band-structure calculations and numerical simulations. The validity of
Snell’s law with a negative refractive index is confirmed experimentally and theoretically. The negative
refraction observed corresponds to left-handed electromagnetism that arises due to the dispersion
characteristics of waves in a periodic medium. This mechanism for negative refraction is different from

that in metamaterials.

DOI: 10.1103/PhysRevLett.92.127401

The optical properties of materials that are transparent
to electromagnetic (EM) waves can be characterized by
an index of refraction n. Given the direction of the
incident beam 6; at the interface of vacuum and the
material, the direction 8, of the outgoing beam can be
determined using Snell’s law sinf; = nsind,. All natu-
rally available materials possess a positive refractive
index n > 0. It was observed recently that in certain
composite metamaterials EM waves bend negatively [1]
and, consequently, a negative index of refraction n <0
can be assigned to such materials without violating
Maxwell’s equations. For homogeneous media, a negative
refraction (6, <0, 6; > 0) necessarily requires that
n < 0. This negative bending allows considerable control
over light propagation and opens the door for new ap-
proaches to a variety of applications from microwave to
optical frequencies.

Negative index media exhibit some unusual propaga-
_ tion characteristics of the EM waves. The most striking
property is that of left-handed electromagnetism (LHE)
since the electromagnetic fields £ and H and the wave
vector k form a left-handed triplet. Consequently, the
energy flow represented by the Poynting vector S EXx
H is antiparallel to the wave vector k, so that S k <0.In
contrast, for conventional n > 0 materials, E, H, k form a
right-banded triplet corresponding to right-handed elec-
tromagnetism (RHE), and S-k>0.

A material possessing simultaneously negative permit-
tivity € <0 and permeability x <0 can be shown to
necessarily have n = /e, /m < 0 [2,3]. Recently, negative
refraction was demonstrated in a quasihomogeneous
metamaterial [1,4,5] with unit cell dimensions less than
the wavelength, consisting of interleaved arrays of wires
(g < 0) and split ring resonators ( u < 0). However, these
materials are highly absorptive, and unlikely to be scaled
to three dimensions or to smaller sizes suitable for appli-
cations at optical frequencies [1,6,7].

127401-1 0031-9007/04/92(12)/127401(4)$22.50
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It has since been proposed that negative refraction

-can be achieved in photonic crystals (PC), which are

inhomogeneous periodic media with a lattice constant
comparable to the wavelength {8,9]. A PC is an artificial
structure, usually made of a dielectric or metal, designed
to control photons similar to the way a solid state
crystal controls electrons. Locally both g, u > 0 every-
where in the PC. The physical principles that allow
negative refraction in the PC arise from the disper-
sion characteristics of wave propagation in a periodic
medium, and are very different from that of the
metamaterial in Ref. [1]. In this Letter, we present
experimental evidence of negative refraction of micro-
waves in a metallic photonic crystal. Parallel theoretical
and numerical investigations of the band structure
and simulations of wave propagation through the PC
prism are compared with the experimental results.
Exceptionally good agreement is found between the ex-
periments, band-structure calculations, and wave refrac-
tion simulations.

The microwave photonic crystal fabricated in the
present work is an array of cylindrical copper rods of
height 1.26 cm and radius 0.63 cm forming a triangular
lattice. The ratio of the radius r to lattice constant a is
r/a = 0.2. Refraction measurements are carried out in a
parallel plate waveguide made of a pair of metallic plates.
The excitation in the parallel plate waveguide is a trans-
verse magnetic (TM) mode up to 12 GHz such that the
electric field E is parallel to the rod axis. Microwave
absorbers are placed on both sides to avoid spurious
reflections and to collimate the propagating beam of
width 9 cm, which is incident normally on a right angle
prism of PC [see Fig. 1(a)]. On the far side, a dipole
antenna attached to an X-Y robot maps the electric field
E. Accurate angles of refraction are obtained by fitting
the emerging wave front with a plane wave, with the
refraction angle 8, as a fit parameter.

© 2004 The American Physical Society 127401-1
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(a) Schematic diagram of microwave refraction experimental setup (not to scale). (b) Propagation vectors for

positive and negative refraction. (c)—(f) Microwave electric field maps in the far field region. (c) Negative and (e) positive refraction
by the metallic PC prism for the incident beam along I' — K forming an angle of incidence 30° with the refraction surface. WF =
wave front with respect to refracting surface. (d) Negative refection for the incident beam along I' — M forming an angle of
incidence 60°. (f) Positive refraction by a polystyrene prism. In all the field maps, approximate area of each field map is 43 X
40 cm?; the PC prisms and incident beams are schematic and do not correspond to the actual sizes used.

The refraction experiment is validated by the data of a
polystyrene prism having similar dimensions as that of
the PC prisms. In Fig. 1(f), the direction of the emerging
beam can be clearly seen at an angle 8, = +52.2° from
the normal to the surface of refraction, corresponding toa
positive refractive index n = 1.58 (n sinf; = siné,) for an
incident angle 6, = 30°.

The measurements on the triangular lattice PC were
carried out with the incident wave vector k; along direc-
tionsI' = K and I" — M of the first Brillouin zone (these
directions in real space and in reciprocal wave-vector
space are shown in Figs. 1(b) and 3). The angles of
incidence, 8,5 = 30° for I' — K and 6y, = 60° for ' —
M, are chosen in such a way that the periodicity on the
surface of refraction is minimum to prevent higher order
Bragg diffraction [5]. Figure 1(c) illustrates the negatively
refracted wave front with an angle of refraction 6,5 =
11.5° for f = 9.77 GHz with incidence along I' = K
Using Snell’s law, ng sing g = sinfyx with 8, = 30°,
0,k = —11.5°, we obtain an effective refractive index of
nes = —0.4 at this frequency. A second wave front can
also be seen emerging from the top edge of the PC. We
attribute this wave front to the edge effect due to the finite
sample size. The negative refraction reported in the
present photonic crystal has been demonstrated for the
first time in an inhomogeneous system [10]. Figure 1(e)
shows positive refraction at f = 6.62 GHz. In Fig. 1(d),
an illustrative example of negative refraction at 10.4 GHz
for ' — M (60, = 60°) is shown.

127401-2

An understanding of negative refraction and its relation
to the left-handed behavior of electromagnetic waves in a
photonic crystal can be achieved by examining the band
structure of an infinite PC. We have calculated the band
structure employing standard plane wave expansion
methods using over 2000 plane waves [11]. The 2D band
structure for a triangular lattlce PC with r/a = 0.2 is
shown in Fig. 2(a).

For a plane wave with wave vector k and frequency
incident normal to an air-PC interface, the wave vector k £
inside the PC is parallel or antiparallel to k as deter-
mined by the band structure. If dw/dlkfl >0, k is
parallel to k and, consequently, the EM field in the PC
is right handed (RHE). Otherwise, k is antiparallel to k
and the EM field in the PC is left handed (LHE). For a
general case, the phase and d group velocities in a medium
are ¥, = (c/Ian)kf with kf = kf/kaI and ¥, = Vyw. It
can be proved analytically that the direction of group
velocity U, in an infinite PC coincides with that of the
energy flow S [12]. An effective refractive index can be
defined n,, = sgn(d, - kf)[(clkfl) /] and calculated from
the band structure [13]. The sign of n,, is determined from
the behavior of the equifrequency surfaces (EFS). EFS
plots for the first and second bands of the triangular
lattice are shown in Fig. 3(a). The center in the plots
corresponds to the center of the first Brillouin zone.
The EFS that move outwards from the center with

increasing frequency correspond to the RHE with #, -

ks> 0 and inward moving surfaces correspond to the
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FIG. 2 (color online). (a) Band structure computed for the
triangular lattice metallic PC with r/a = 0.2. (b) Microwave
transmission amplitude |S,,] vs frequency f (GHz) on the far
side. Note the band cutoff below 6.2 GHz, transmission be-
tween 5.8~11.1 GHz, and band gap region 11.1-11.3 GHz are in
excellent agreement with Fig. 2(a). (¢) Refractive index n,
determined from the experimental results for a beam incident
along I'— K (A) and I'— M (*). For n, <0 (n, > 0), the
electromagnetism is left handed (right handed), and the refrac-
tion angle is negative (positive). The close match between the
experiment (A and *) and theory (dashed and solid lines) is
evident and shows agreement with Snell’s law.

LHE with Uy kf < 0. In the case of LHE (RHE) con-
servation of kf component along the surface of refraction
would result in negative (positive) refraction. The result-
ing refractive index n, determined from the band struc-
ture and EFS for a beam incident along both I' — K
(dashed line) and T'— M (solid line) is shown in
Fig. 2(c). Note that negative refraction is predicted for
regions in the second and third bands and positive refrac-
tion in the first and fourth bands.

In the following, we describe the salient features of the
experimental results and comparison to band structure.

(i) In the first band between 5.8~7.7 GHz, the EFS move
outward with i 1ncreasmg frequency, so that n, > 0 corre-
sponding to RHE with @, « ks > 0 (i.e., U, parallel to kf)
The representative field map at f = 6.62 GHz in Fig. 1(e)
confirms the positive refraction expected. The measured
nese are in good agreement with the theoretical calcula-
tions [Fig. 2(c)].

(ii) In the second band between 7.7-11 GHz, the EFS
move inward with increasing frequency, consistent with
n, <0 corresponding to LHE with 9, k < 0 (¥, anti-
parallel to k ). The illustrative field map 1n Fig, l(c) at

=971 GHz shows the emerging wave front in the

negative direction. The experimental results of refraction
for the incident beam along both I' — K [A in Fig. 2(c)]
and I' — M (*) are in excellent agreement with the band-
structure calculations [dashed and solid lines in Fi g.2(c)].

(iii) In certain frequency ranges in which the EFS is
circular and frequency is not so high, the first order Bragg
diffraction is very weak. For the zeroth order Bragg peak,

127401-3
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FIG. 3 (color). (a) The EFS for the first and second bands. The
centers of the hexagons represent the centers of the first
Brillouin zones in the respective bands. Blue (red) color rep-
resents lower (higher) frequency. (b),(c) Simulations of wave
refraction showing the wave front emerging from a metallic
PC: (b) positive refraction at 6.6 GHz and (¢) negative refrac-
tion at 9.7 GHz. The PC used in the simulations has the same
size as that used in the experiment. The electric field is plotted
as E/? for better visibility. The agreement with Figs. 1(e) and
1(c) is evident.

n, is angle independent and, consequently, Snell’s law is
applicable. The index of refraction n,, [see Fig. 2(c)] in the
region 8.8—11 GHz determined from the experimental
wave field scans for different angles of incidence,
viz. 81 = 30° for I' — K and 813, = 60° forI' — M, is
nearly angle independent due to the circular nature of the
EFS, confirming the validity of Snell’s law in this fre-
quency region. Thus, we have confirmed the validity of
Snell’s law both experimentally and theoretically
[Fig. 2(c)]. A noteworthy point is that the strong contrast
in the metallic PC leads to near circular EFS [Fig. 3(a)]
and thus results in negative refraction in a wider fre-
quency range than that of a dielectric PC [6,8,9].

(iv) The band cutoff at 5.8 GHz , transmission between
5.8-11.1 GHz, and band gap region between 11.1-
11.3 GHz, all of which are observed in the transmitted
spectrum shown in Fig. 2(b), are in excellent agreement
with the band-structure calculations shown in Fig. 2(a).

Direct numerical simulations (see Flg 3) of wave re-
fraction were also carried out and are in good agreement
with the experimental results and band-structure calcu-
lations. The simulation is done using a Green’s function
boundary wall approach originally developed for hard
wall potentials in quantum mechanics [14]. As shown
in Fig. 3, the simulation results in negative refraction
for f = 9.7 GHz in the second band, and positive refrac-
tion for f = 6.6 GHz in the first band, both in agreement
with the experiment (Fig. 1).
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In conclusion, we have experimentally demonstrated
negative refraction in a new class of material, metallic
photonic crystal. A major feature of the present work
is the extraordinary level of control exemplified by
the convergence between the experimental data, band-

structure calculations, and simulations. This means that -

a variety of tailor-made structures are feasible that can be
designed and constructed. There are numerous possibil-
ities opened up by the present results. For many applica-
tions such as imaging, one requires index matching
between the negative index material and surroundings
(relative index n = —1) accompanied by negligible
losses. These requirements are more easily met with PC
than with composite negative index metamaterials.
The metallic PC offers the additional advantages of
highest dielectric contrast, low attenuation, and the
possibility of focusing, which are evident from the
present data. Furthermore the microwave PC can be
easily scaled to three dimensions [15], and to optical
frequencies [16], which is highly unlikely with com-
posite negative index metamaterials [1,6]. Thus, the
advantages of negative refraction and left-handed elec-
tromagnetism that have been proposed. recently, such as
imaging by flat lenses [17], beam steerers, couplers, and
others, as well as some entirely new possibilities, are
feasible with photonic crystals from microwave to optical
frequencies.

This work was supported by the National Science
Foundation and the Air Force Research Laboratories.
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" Negative refraction and left-handed electromagnetism in a metallic photonic crystal (PC) wedge are
demonstrated in free space for both transverse magnetic and electric mode propagation. The
experimental results are in excellent agreement with numerical calculations based on the band
structure with no fit parameters used in modeling. The results demonstrate precision control on the
design and fabrication of the PC to achieve tailor-made refractive indices between —0.6 and +1. ©
2004 American Institute of Physics. [DOL: 10.1063/1.1787959]

Left-handed electromagnetism and negative refraction
have recently been observed in the microwave frequency
range in composite metamaterials ! made of split ring reso-
nators and wire strips, and in photonic crystals (PCs). 23
Negative refraction in left-handed metamaterials (LHM),
when used effectively, opens the door for approaches to a
variety of applications from microwave to optical frequen-
cies. An mterestmg application of negative refraction is the
superlensing 4 effect by a flat lens with no curved surfaces
that can potentially overcome the diffraction limit imposed
by conventional lenses. Indeed a flat lens without optical axis
has been fabricated > recently using a photonic crystal struc-
ture. However, for device applications it is important to have
control over material parameters to be able to design and
predict material properties.

Both negative refraction and left-handed electromagne-
tism have been demonstrated in photonic crystals using a
parallel plate wavegmde " The two-dimensional (2D) paral-
lel plate structures used in all previous experiments to dem-
onstrate negative refraction confine the left-handed material
and lead to spurious edge effects, as observed in Ref. 6.
Close to the surface of refraction, the emerging wave fronts
interfere, and a clear negatively refracted beam is difficult to
observe. Also, the coupling of the photonic crystal modes
with the incident wave is different for transverse magnetic
(TM) and electric (TE) mode propagations and-is not well
achieved in parallel plates. In addition, bandwidth is a crucial
element for device applications in a wide frequency range. It
is therefore essential to investigate left-handed electromag-
netism and negative refraction in a photonic crystal sus-
pended in free space for both TM and TE mode propaga-
. tions.

In this letter we report negative refraction for both TM

- (E]| to the rod axis) and TE (E L to the rod axis) mode propa-
gation, in a metallic PC prism suspended in free space. Re-
sults show that a PC can exhibit negative refraction with
tailor-made refractive indices in a large frequency range. The
propagation in different bands of the PC can be tuned with
frequency to obtain either negative or positive refraction.

DAuthor to whom correspondence should be addressed; electronic mail:
s.sridhar@neu.edu

0003-6951/2004/85(10)/1858/3/$22.00

Thus, the present tailor-made PC can be utilized for a variety
of applications.

The microwave photonic crystal consists of an array of
cylindrical copper tubes of height 60 cm and outer radius
0.63 cm arranged on a triangular lattice. The ratio of the
radius r to the lattice constant a was r/a=0.2. Refraction

‘experiments were performed in an anechoic chamber of di-

mensions 5X8X4 m? to prevent reflections from the
walls. A square X-band horn placed at 3 ‘m from the PC
acts as a plane-wave source (Fig. 1). Placing a piece of mi-

.crowave absorber with a 6 X 6 in%. aperture in front of the

PC narrows the incident beam. On the far side another square
horn attached to a goniometer swings around in two-degree
steps to receive the emerging beam. Refraction is considered
positive (negative) if the emerging signal is received to the
right (left) of the normal to the surface of refraction of the
PC. Measurements were carried out with the incident wave

vector k; along I'—M(0,1) direction of the first Brillouin
zone of the PC and in both TM and TE modes. The angle of
incidence #=60° for I'— M is chosen in order to minimize
surface periodicity along the surface of refraction, thus elimi-
nating higher order Bragg waves. .

Figure 2(a) shows. a plot of the transmitted intensity
measured at different angles and incident frequencies for the
TM mode propagation. As can be seen from the figure, be-
tween 6 and 7.1 GHz the signal emerges on the positive side
of the normal to the surface corresponding to positive refrac-
tion. No transmission is observed between 7.1 and 8.3 GHz.

Goniometer '
Waveguide
hom Aperture 9 -
>

Refrclcd
Beam

Incident ;
Beam PC

FIG. 1. (Color online). Microwave free-space refraction experiment set up
in an anechoic chamber. Negative or positive refraction is determined from
the direction of the emerging signal with the normal to the surface of
refraction.
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FIG. 2. (Color online). (a) Plot of refracted wave intensity measured at
various angles, for TM mode propagation. (b) Similar plot for TE mode.
Note the negative and positive refraction observed in different bands.
Circles are the theoretically calculated refractive indices corresponding to a
zero order Bragg wave, and stars are first-order Bragg wave, both of which
match strikingly with the experimental results without any fitting
parameters.

Above 8.3 upto 11 GHz, two signals are observed on the
positive and negative sides of the normal. The negatively
refracted signal is strongest around 10.7 GHz and the posi-
tively refracted signal around 8.6 GHz. Although both posi-
tively and negatively refracted signals are observed, with the
increase in frequency, positive signal gets weaker while
" negative signal gets stronger. The experimental refractive in-
‘dex n is obtained from -applying Snell’s law n
=sin(#,)/sin(6;) to each emerging beam. The validity of
Snell’s law has been established earlier in metallic PCs.5

We -have also carried out measurements of refraction for
TE mode propagation. The results for this mode are shown
in Fig. 2(b). Here, negative refraction is observed between
6.4-9.8 GHz and positive refraction between 9.8—12 GHz.
It is important to note that negative refraction is possible for
both TM and TE modes; such a freedom in the choice of
modes provides a crucial advantage of using the metallic PC
over the split ring wire array metamaterial.

The physical principle behind the present results can be
understood from the band structure -of the metallic PC. We
have calculated the band structure of the triangular lattice PC
employing a standard plane-wave expansion method using
2500 plane waves. The 2D band structures of both TM and
TE are shown in Fig. 3. For a plane wave with incident wave

Vodo et al. 1859
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FIG. 3. (Color online). Band structures of the triangular metallic PC for both
TM (dashed lines) and TE (solid lines) propagation modes are presented.

vector I;, and frequency o incident normally on an air-PC
interface, the wave vector sz inside the PC is parallel or
anti-parallel to I:, as determined by the band structure (Fig.
4). For general case, the phase and group velocities in a
medium are ﬁp=(c/|np|)lzf, with 12f=lzf/|lzf|‘and v,=Viw.
Note that the direction of the group velocity v, in an infinite
PC coincides with that of the energy flow. Conservation of

the I;f component along the surface of refraction would result

in positive or negative refraction, depending on whether sz is
parallel or antiparallel to group velocity.

The emerging beam can be written as W,=apeo”
+a,e*7, where kg and k,; represent the refracted wave
vectors corresponding to the zero- and first-order Bragg

wave vectors of the field inside the PC. Let the component
of &, along the normal to the surface of refraction of the

prism be k,. One has ko, =Vw?*/c>~k}sin>§ and

k1= w/c?~(2m/a~k sin 6)?, where @=1/3 and a is the
lattice periodicity. The parallel component is k,=k¢ sin 6.
The refracted angle can be obtained from ,=tan™!(k,/k, )
for each beam. :

From the band structure and the equifrequency surfaces
(EFS) for the TM mode of propagation, negative refraction is
predicted for the second and third band regions, with positive
refraction in the first band. In the first band between
6-7.1 GHz the EFS* move outward with increasing
frequency, so that Eg-kf>0. In the second band between
8.3-11 GHz, the EFS move inward with increasing

frequency, consistent with n, <0, corresponding to U, s ic}< 0

(v, antiparallel to I;f). The band gap is in the frequency range
7.1-8.3 GHz between the first and second pass bands and
from' 11-11.2 GHz between the second and third bands.

Positive
Refraction

Hegative
Refraction

FIG. 4. (Color online.). Directions of incident transmitted and refracted

36wave vectors, and group velocity inside the PC. Positive or negative refrac-

tion can be observed depending on whether Jg-Ef>0 or U, k,<0.
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An effective refractive index can be defined 1,

—sgn(ug kf)c|kf{/ o and calculated from the band structure.
The sign of n, is determined from the behavior of the EFS.
In Figs. 2(a) and 2(b) the refractive indices for various bands
determined from the theory are plotted. The close match be-
tween the theoretical predictions and experimental data is
striking. All the predicted features including band gap and
negative and positive refraction are observed in the experi~
ment. The degeneracy observed in the case of TE mode is
due to multiple bands for a single frequency, which results in
multiple propagation & vectors. It is an interesting observa-
tion that different intensities are associated with different
propagation vectors for TE mode. For this mode and for
I' — M propagation from Fig. 3, it can be seen that the higher
the slope of the curve, the more intense the beam.

A particular feature of interest is the bandwidth for nega-
tive refraction and lefthanded electromagnetism. From Figs.
2(a) and 2(b) it can be deduced that the bandwidth for the TE
mode is 42% and for TM mode 27%. In comparison, a rela-
tively weakly modulated dielectric PC has a bandwidth esti-
mated to be 6% (Ref. 3) which is very narrow and the ex-

penmentally obtained bandwidth for metamaterials ® to date -

is only 10% (Ref. 8). The present bandwidths for both TE
and TM modes are higher than that in metamaterial. Band-
width puts stringent restrictions on the tenability and func-
tional range of the devices based on the LHM. In particular,
in our recent work we have shown that in the LHM, electro-

magnetic (EM) wave propagatlon is slow with group veloc- .

ity of 0.02¢, >''® where c is the velocity of the EM wave in
vacuum. This slow group velocity combined with large band-
width can be used for designing a delay line filter with a
large pass band. ~

In the case of the TE mode, for an angle of incidence of
60°, the refractive index is found to vary from 0 to —0.48,

which is a 200% change for a frequency change of 42%.

Vodo et al.

Such a large dn/dw results in a large d¢/dw, which can be
used in designing ultrasensitive phase shifters.

In conclusion, negative refraction is demonstrated for
both TM and TE mode propagation in a metallic PC. Almost
400% improvement in the bandwidth for negative refraction
is obtained for TE mode propagation in this tailor-made PC.
The strong dispersion observed results in a change of 200%
in the negative refractive index for a frequency change of
42%. The ease and low cost of fabrication of the metallic PC
vis-a-vis a dielectric PC and metamaterials make them ideal
for a wide range of applications. Precise control over the
geometry, the choice of mode, and the scalability to submi-
crometer dimensions of PCs shows promise for applications
from microwave to optical frequencies.

The authors thank John Derov and Beverly Turchinetz
for invaluable contributions. The Air Force Research Labo-
ratories, Hanscom AFB, and the National Science Founda-
tion supported this work under Contract No. F33615-01-1-
1007.
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brief communications

lethal challenge. Although the foxicity of
MDMA in mice is less consistent than in
other species’, a 25% lethal dose (LD;) is

| estimated as about 50 mg of drug per kg body
weight®, Consistent with this, wild-type ani-
mals given increasing doses of MDMA under
defined conditions succumbed within 4 h of
drug administration, with one in five of the
animals dying at a dose of 20 mg kg™ and
three in ten dying at 40 mg kg™ (Fig. 2¢).
However, none of the UCP-3~'~ animals
died after administration of either dose
(n=>5and n= 10, respectively).

Ourresultsindicate that UCP-3 isrequired
for the rise in skeletal and core temperature
that is associated with MDMA administra-
tion. Endogenously produced reactive alde-
hydes can also stimulate UCP-3 activity®, and
there are some structural similarities between
this class of molecule and MDMA and/or its
metabolites’. Further investigation is needed
to determine whether ecstasy can directly
stimulate uncoupling activity.

The temperature response in individuals
who take excessive amounts of MDMA
varies, and this variation could relate to the
uncoupling activity of their skeletal muscle.
For example, it is known that thyroid-hor-
mone treatment can exacerbate the hyper-
thermic effects of amphetamines' and that
UCP-3is upregulated by thyroid hormone'",
Itis possible that UCP-2 and/or UCP-3 could
also mediate the toxicity of agents such as
ephedrine, methamphetarnine and cocaine,
recreational stimulants that can produce a
similar hyperthermic response and which
are related to MDMA. Our demonstration
that UCP-3 is a molecular mediator of the
thermogenic response to ecstasy suggests
that agents designed to target uncoupling
proteins could provide the basis for an
important new therapeutic direction.
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Photopic crystals
Imaging by flat lens
using negative refraction

he positive refractive index of conven-
Ttional optical lenses means that they

need curved surfaces to form an image,
whereas a negative index of refraction allows
a flat slab of a material to behave as a lens and
focus electromagnetic waves to produce a real
image', Here we demonstrate this unique
feature of imaging by a flat lens, using the
phenomenon of negative refraction in a pho-
tonic crystalline material. The key advance
that enabled us to make this observation lies
in the design of a photonic crystal>® with suit-
able dispersion characteristics to achieve neg-
ative refraction over a wide range of angles.

Although negative refraction has been
demonstrated at microwave frequencies in a
quasi-homogeneous metamaterial’, imaging
by a flat lens is severely constrained because
of large dissipation®® and anisotropy in the
metamaterial. Plane-wave negative refraction
at specific incident angles has been demon-
strated at microwave frequencies by using a
metallic photonic crystal prism’ and a dielec-
tric photonic crystal’, However, to focus a
diverging beam from a point source, the
material must exhibit all-angle negative
refraction’ as well as low absorption.

Figure 1a shows the image of a microwave
point source of frequency 9.3 GHz (wave-
length, 3.22 cm) placed 2.25 cm from a
two-dimensional flat lens made of a photonic
crystal fabricated from an array of cylindrical
alumina rods (see supplementary informa-
tion). On the far side, a high-quality image is
seen at a distance of 2.75 cm. Note that there is
animage of similarsize for the sub-waveleéngth
source. Thisimage isobserved only inanarrow

frequency range, between 9.0 and 9.4 GHz,

with the best focus at 9.3 GHz. Outside this
narrow band, at all other frequencies between
2and 12 GHz, asingle focus point is not seen.
These observations can be understood by
examining the band structure of the photonic
crystal and the corresponding equi-frequency
surfaces, from which an effective refractive
index, ny, can be defined and calculated®. In

* our geometry, the central axis of the diverging

beam is along the (1,0) direction of the square
lattice crystal. Just below the top of the second
band, between 9.0 and 9.4 GHz, the equi-fre-
quency surfaces move inwards with increasing
frequency, consistent with negative n. The
condition for negative refraction, n(6) <0,
holds for a diverging beam of sufficiently large
angle, enabling theimage to be formed. Figure 1
therefore also demonstrates wide-angle nega-
tive refraction by a photonic crystal.

The value of n4is necessarily angle-depen-
dent. Inside the crystalline lens, the electro-
magnetic fleld is highly modulated and
simple ray diagrams applicable in homo-
geneous media cannot b§ gsed. However,upon

‘DR Nm o wN

.Figure 1 Imaging by a flat lens. a, Microwave electric-field-intensity

map on a cross-sectional view of the two-dimensional source-image
(left-right) system for the fiat lens. b, Displacement of the image by
4-cm when the source is moved up by the same distance. Both
panels correspond to dimensions of 37.5 % 30.0 cm. The intensity
scale on the source side varies from — 20 dB (yeliow) to — 48 dB
{black), and on the image side from —30dBto —75 dB.

emerging, the waves create a focus of the diver-

gent beam emanating from the point object.
Conventional optical systerns have asingle
optical axis and limited aperture, and cannot
focus light onto an area smaller than a square
wavelength'. In contrast, our flat lens does not

‘have a unique optical axis and is not restricted

by aperture size. We have demonstrated both
of these features by moving the source up by
4 cm: the image moves a corresponding
distance in the same direction (Fig. 1b).

The unique properties of our flat lens
provide new perspectives on imaging. A

.particular advantage of the photonic crys-

talline material is its scalability to submicro-
metre dimensions for possible applications
from microwave to optical frequencies.
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From the example in the previous section, enhancing efficiency
for convolution in the presence of nonlinear terminations is crucial,
since it takes up most of the run time. Although we only confine
ourselves to the S-parameter application here, other parameters
such as the Z or Y matrix, preferred for RLC circuits, can also be
used easily. Moreover, this algorithm can be directly incorporated
into multiconductor transmission lines (MTL) terminated with
nonlinear loads [1] as well.
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PERMITTIVITY MEDIA '
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ABSTRACT: The imaging of the near field by a slab of negative permit-
tivity medium is discussed. The performance of this flat lens is limited by
the working wavenumber k,, and the slab thickness d. For k,d << 0.937,
the resolution of the flat lens can be ller than the wavelength and de-
pends logarithmically on 1/k. The electric field is finite everywhere, but
will diverge algebraically as one reduces k,d — 0. © 2003 Wiley Periodi-
cals, Inc. Microwave Opt Technol Lett 39: 282286, 2003; Published on-
line in Wiley InterScience (www.interscience.wiley.com). DOI 10.1002/
mop.11191

Key words: near-field imaging; evanescent waves; negative permittivity;
refraction; transmission

1. INTRODUCTION

The idea of negative refraction came to life when Veselago [1]
pointed out the possible existence of negative-index media (NIM)
without violating Maxwell’s equations. Based on the idea of neg-
“ative refraction, Pendry [2] proposed that a flat slab of such a
mediuvm can focus an object on the other side of the slab. Not only
the far field (which constitutes of propagating plane waves), but

also the near field of an object can be focused through such a slab,

This enables one to circumvent the diffraction limited resolution
and allows for subwavelength imaging. The proposal of this “per-
fect lens” ted to growing interest and also initiated some contro-
versy [3-5]. It is now becoming clear that the idea of a perfect lens

PACS numbers: 78.20.Ci, 41.20.Jb, 42.25.-p, 42.30.-d.

e=-1, n=1

a2 d dr2

Figure 1 Sketch of a flat lens with ¢ = —1, i =1, and slab thickness
4 .

is physically sound [6, 7] and also experimentally feasible in
systems such as metamaterials [8, 9] and photonic crystals [10].

Pendry also noticed that a flat slab of material which has
negative permittivity (¢ < 0) can act as a lens to focus the near
field. The near-field optical technique has been pushed to have a
spatial resolution of about 20 nm [11] at optical frequencies. In this
paper, we discuss the near-field imaging of this lens with negative
permittivity & << 0. To have the best focus of the near field, it is
desirable for the slab to have permittivity e(w) = —1 at a certain
frequency. As required by causality, no material can have static
permittivity e(w = 0) = —1. Only at a certain nonzero frequency
w, and nonzero wave number k, = wgy/c, € = —1 can this be
realized. This will happen when one crosses a resonant frequency
in the case of plasma &(w) = 1 — w’/w}, with w, the plasma
frequency. This flat lens with e = —1 will amplify the P-polarized
evanescent waves, thus the diffraction limit of the ordinary lens
which only focuses propagating waves, will be broken. In order to
focus the S-polarized near field, one needs material with negative
permeability u(w) = —1. As pointed by Landau [12], at very high
frequencies such as at optical frequencies, p. — 1. So, a flat lens of
any medium is not likely to focus the S-polarized near field in
optical frequencies.

The presence of nonzero k, will put strong restrictions on the
performance of the lens. As k;, — 0, the lens will focus more
details of the near field. In this paper, we discuss in depth the
limitation of the superlens due to finite k,. Shen and Platzman
considered the imaging of a point dipole [13]. Here, we give a
detailed discussion through the example of the imaging of two-
spike source, which was also discussed by Pendry [2]. The diver-
gence of the field in the limit £, — 0 will also be discussed.

2. SLAB REFRACTION OF P-POLARIZED PLANE WAVES

To begin with, we consider a plane wave with P-polarization. The
incident electric field is given by

Eq(k;) = e (k2 — kR). m

Let the thickness of the slab be d. In our coordinate system, the z
axis is along the direction from a vacuum to the slab and the x axis
is along the interface, as shown in Figure 1. We place a source at
z = 0, the first interface of the slab at z = d/2, and the second at
z = 3d/2. At this moment, we treat the slab as ordinary dielec-
trics. The field configuration of the slab refraction can be obtained
using standard methods [14]. The reflected and transmitted electric
fields are

1l
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Er(kx) = RFe'.hXHkl(d_Z)(_kxi - kzi)v 2)
E(k;) = Tpe™tikd-d (k.3 — k%), 3)

with the reflection and transmission coefficients

(1-79T (1-T3T
RP=1_FZTQ’TP=1_I‘2TQv (4)
and
I" = (ek, — k) (ek, + k), T = exp(ik,,d). (5)

Here k, = Vk2 — k2 is the z component of the wave vector in

vacuum and k,, = V n’k3 — k2 is that inside the slab. The electric -

field inside the slab is

ikox+iked! 2+ ik, (2—dl 2)

1-I'T

k) ==

1-T .
X [ p (1 + rTZeﬂm(d—Zz))i
. k,
— (1 + D)(1 — I'Tei*rld-22) Eﬁ . (6

The propagating plane waves will become evanescent when
k. > kg, so that k, is purely imaginary, that is, k, = i VikZ — k2.
These near-field waves cannot propagate and will decay exponen-
tially around the object in the vacuum along the z axis. For those
evanescent waves, the magnetic field is exponentially small, com-
pared with the electric field. Thus, practically, there is only electric
field, as in the electrostatic case. The energy density of the incident
evanescent plane wave around the source in the vacuum is u =
e*3 4,

The above expressions of the slab refraction is valid for arbi-
trary ¢ and p. For NIM with e = —1 and p = —1, since k,, = k_,

the denominator of T' in Eq. (5) is zero; thus, I' — o, The’

evanescent wave will be amplified since the transmission coeffi-
cient T, = exp(VkZ — k2d) will grow exponentially with the
slab thickness and increasing k.. This amplifying factor will com-
pensate the decay in the vacuum such that at a distance d/2 away
from the second surface of the slab, T,exp(ik.d) = 1. Hence all
the evanescent waves will be amplified through the slab and a
perfect image of the object at z = 0 is obtained at z = 2d.

3. PROPERTIES OF TRANSMISSION AND REFLECTION
COEFFICIENTS FOR EVANESCENT WAVES

Here we consider a slab with e = —1 and » = 1. A slab of metal
at certain frequencies will have this property. Although this lens
will not perfectly focus all the evanescent waves, it can recover
part of the evanescent waves under certain conditions. The slab

will still be able to achieve subwavelength imaging. Since in this-

case the index of refraction is purely imaginary with n = i, the z
component of the wave vector for the evanescent wave is k,, =
i VIZ + k2. To proceed, we define 8 = kJk,, which is greater
than unity for evanescent waves. From the expression of I' in Eq.
(5), one obtains T = — (8% + V8 — 1) < —1. Unlike in the case
for NIM with ¢ = —1 and u = —1, here T is finite.

We first look at the property of T'». From the expression in Eq.
(3) of E(k,), one can see that if T,,exp(ikzd) = 1, then E(k,)
with z = 2d will be exactly the same as Ey(k,) with z = 0. Here

- the factor exp(ik.d) is the damping factor, due to the propagation
of the evanescent waves in the vacuum. Since I' < 0, T will
diverge at I'T = —1. This condition can be re-expressed in terms
of & in the following equation:

T,, exp(ik_d)

rz

T, exp(ik_d)

=
T

4
5=kx/k0

Figure 2 Plot of T,exp(ik,d) for (a) kod = 1.0, (b) kod = 0.1

kod =-[ln(‘o‘2 + BT DY +1. )

The maximum of the function on the right side of above equation
is about 0.937 261 at & = 2.356 574. So if kod > 0.937, —1 <
T exp(ik,,d) < 0O, there is no singularity in T, with T,exp(ik.d)
being negative, as can be seen in Figure 2(a) with kod = 1.0. Even
though the maximum of |T,exp(ik.d)| can be much larger than 1,
[T exp(ik d)| is not very flat. Evanescent waves with different &,
will have different amplifying factors. For a source with many
component of k,, the transmitted evanescent waves will be se-
verely distorted. So there is no subwavelength imaging for kyd >
0.937. On the other hand, if kyd < 0.937, Eq. (7) will give two
solutions, 8, and 8,, for 8 with 8; < 8,. If k,d << 0.937, one has
8, — 1 and 8, = —2 In(ked)/kod. If k, > k™ = 8ky =~ —2
In(kod)/d, except in the vicinity of k7™, T,exp(ik,d) decays
exponentially to zero with increasing k.. More specifically, for &,
>> k™, one has I'T — 0, so that T, ~ 48%¢ %, Details of the
object with high Fourier components &, > k3'** will be lost in the

" imaging process. What is amplified through the slab is a finite

range of Fourier components, k, € (kT", kT®) with k™" = §,k,.
Within this range, except in the vicinity of k™™ and k™,
T,exp(ik,d) is very flat and T,exp(ik_.d) = 1. This can be seen in
Figure 2(b) with kod = 0.1. In the neighborhood of ky,d ~ 0.937,
the lens cannot focus, even though some components of the eva-
nescent waves do become amplified through the slab.

The reflection coefficient R, has similar behavior as Tp. From
the expression of T and R, the difference between them is 7, —
R, = (T -T)(Q —T'T). Since I'T < 0, there is no singularity
in Tp — Rp. The difference will diverge exponentially for eva-
nescent waves with k, — . The behavior of Rgexp(ik.d) for
different values of kqd is shown in Figure 3. For finite kod <<
0.937, Rpexp(ik,d) is flat with nonzero values for AT << k, <<
ki, This is due to the mismatch of the surface impedance
between the vacuum (\/?p, ="1) and the slab (Ve/p = i).
Unlike the behavior of T, which decays exponentially for large
k,, the amplitude of R, increases as |[R,| ~ 282 for k, > k™™
with kod << 0.937.
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Rp exp(ik_d)

.RP exp(ikzd)

8=kxlk0

Figure 3 Plot of R,exp(ik,d) for (a) kod = 1.0, (b) kod = 0.1

4. NEAR FIELD JMAGING OF A TWO-SPIKE OBJECT

To illustrate the performance of the above lens, we take as an
example the two-spike object [2]. The electric field is

= 4 k
E, = J dkxv,‘,e"”‘(i cos kx — i§ k—‘ sin k,.x), 6))
0

X

with the coefficient v,_given by
v, = (4/k)sin k.a cos k;b. )

Here, 2b is the distance between the two spikes and 2a is the
individual spike width, The waves will propagate freely in the
vacuum for k, < k. Since &, is purely imaginary for evanescent
waves with k, > k,, the near field part of E, of the two-spike
object is real as expected, which is illustrated in Figure 4.

The transmitted near field can be obtained by the integration of _

Eq. (3) with v, /k, over k,. For the source shown in Figure 4, the
transmitted near field is shown in Figure 5 with kyd = 0.1. The
reflected field and the field inside the slab can also be obtained
similarly. The near field distribution in the vicinity of the slab with
kod = 0.1 is shown in Figure 6. One notices that there is quite a
lot of field accumulated around the two surfaces. The amplitude of
the field around the two surfaces reaches about 40, as compared
with that of the source, which reaches 1 (this will be explained
_subsequently).

The imaging performance for slabs with different values of kyd
is shown in Figure 7. One can see that, as the value of kqd is
increased, the two spikes at the imaging plane z = 24 will be less
distinguishable. When the value of kyd is close to and beyond
0.937, the slab lens loses the power to amplify evanescent waves
and the two spikes disappear.

In order to address the issue of singularity of the near-field
imaging, we consider the electrostatic limit £k, — 0. In this limit,
we assume that & = —1 still holds, even though the law of
causality will be violated. Subsequently, one has k, = k,, = ik,.
As a result, I' — o, and we obtain

E,, in vacuum
z

Figure 4 The near field of the two-spike object, E,, (top) and E,
(bottom) with a = 0.2, b = 1,d = 1, and ked = 0.1

2 - a
E, = p R 2 (z — iX)arctan py pogray 5%

,
E=_% Y (2 — i%)arctan po (10)

a
2d—i(xxb)’

Erz through a slab of e=-1

B
2
. 1 0

2 2 z

Figure 5 Transmitted near field of the two-spike source (Fig. 4), E,
(top) and E,, (bottom), for z = 2d
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Figure 6 Near-field ¢E, (top) and E, (bottom) in the vicinity of the slab
for the two-spike object witha = 0.2, b = 1,d = 1, and kod = 0.1

Here, we use the following integral:

“dksinka k= ot a
P —arcang,

0

an

for any complex & with R¢ > 0,

The above expression for E, is only valid for z = 2d. The
transmitted electric field E, diverges in the region with z € (3d/2,
2d). The reflected field E, diverges for z € (0, d/2). The field E;
inside the slab diverges everywhere except on the line z = d. The
field E; on this line is

2 - a
E, = - RN 2 (& — iX)arctan m .

This means that one has a perfect image of the source in the middle
of the slab besides another one outside the slab. This scenario is
similar to the case of far-field imaging, except that here one has
subwavelength imaging.

For any physical material, the dielectric constant should always
be positive as one approaches the electrostatic limit. The presence
of nonzero kq for ¢ = —1 will remove the divergence which is due
to an accumulation of field along the two surfaces of the slab. For
small but finite kyd, the field is bounded and finite everywhere. As
one decreases k,d — 0, the electric field will diverge. To check
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the divergence, we consider for example the transmitted field E_ at
z = d/ 2, where the field is more likely to diverge. Since )

~2inkod A2
E|~ dE—+

the electric field around the first surface of the slab will diverge as
E ~ (kod)™3. For the field around the second surface, we consider
E, at z = 3d/2. One has

J‘w dége™" ~ (kod)~>,
—2 In kod

&2

. —2 tnkod
|E,| ~f d§?~(k0d)_“.
1

The electric field around the second surface of the slab will diverge
as E ~ (kod) ™.

5. CONCLUSION AND DISCUSSION

In summary, we discussed the limitation of the lens made of a slab
with negative permittivity. For small kqd, the lens can focus
partially subwavelength details of the P-polarized near field of an
object. The resolution of the slab lens depends logarithmically on
(kod) ™", since k7 = —2 In(kod)/d. For fixed k,, in order for the
lens to pick up the high Fourier component of the evanescent
waves, one may reduce the slab thickness d such that kod <<
0.937. Given the fact that the minimum thickness ‘of a material
under normal condition is about d ~ 10 % cm, the working
frequency of the slab lens will be w/27r < 5 X 10'7 Hz, which
includes the optical frequency range. At /27 = 3 X 10 Hz with
stab thickness 4 = 100 nm, one has kod = 0.1 and k7 = 108
m™’, and a spatial resolution of about 60 nm can be obtained. In
the limit k,d — 0, all the evanescent waves will be amplified;
thus, the slab lens will bécome perfect for near-field imaging. The
electromagnetic field is finite everywhere but will diverge alge-
braically in the limit kod — O on the surfaces of the slab lens.
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ABSTRACT: A high-power dual-wavelength laser is constructed in two
fiber-loop mirror cavities by utilizing a common-gain medium. The output
power and side-mode suppression ratio (SMSR) of the lasers were investi-
gated for a bidirectionally pumped system. The outcome of the experiment
shows that two lasing signals can be obtained at the wavelengths of
1546.04 and 1550.64 nm at a less than 1-dB peak power difference, at peak
" powers of 7.30 and 6.57 dBm, respectively. This result was obtained with-
out any intracavity attenuators. The side-mode suppression ratio of both
signals is around 46 dB. © 2003 Wiley Periodicals, Inc. Microwave Opt
Technol Lett 39: 286287, 2003; Published online in Wiley InterScience
(www.interscience.wiley.com). DOI 10.1002/mop.11192

Key words: dual wavelength; fiber laser; high power; loop mirror;
power difference

Figure 1 Conﬁguratioﬂ of the dual wavelength bidirectional pumped
dumbbell EDFL .

INTRODUCTION

Multiple-wavelength optical sources have been investigated as one of
the promising technologies for applications in wavelength division
multiplexed (WDM) systems. Many techniques have been employed
in designing a laser system emitting multiple wavelengths using
erbium-doped fiber laser (EDFL). Park et al. [1] used eight fiber-loop

- mirrors (FLMs) to produce eight wavelengths. However, the output

power of all the channels is not equal and is relatively low. Another
technique to produce multiple wavelengths involves the use of a twin
core erbium-doped fiber (EDF) [2]. The output wavelengths are’
selected by using fiber Bragg gratings (FBGs). However, the EDF
used is a highly specialized fiber that is costly, and the output power
reported with this technique is relatively low. Another approach is to
use a periodic filter to produce multiple wavelengths [3]. To prevent
single-frequency lasing, a frequency shifter is introduced in the ring
cavity. It requires two gain media to compensate the loss introduced
by the frequency shifter. This approach is rather complicated. A
high-power output dual-wavelength laser is also reported in [4].
However, the output is taken from two fibers, instead of one. Re-
cently, a linear cavity configuration using cascaded FBG and EDF has
been reported [5]. The output power of the multiple lasers is consid-
erably high; however, this technique does not deploy a single EDF
coil. Furthermore, the reflectivity of the FBGs are used to create.an
equal net gain of the laser system at multiple wavelengths.

In this paper, a new and simple configuration utilizing FLMs with
an intraloop tunable bandpass filter (TBF) is proposed. The signals
share most of the cavities, thus reducing the cavity discrepancy. This
includes a common section of EDF to provide amplification for both
lasing wavelengths. In this configuration, the two signals have almost
equivalent characteristics in terms of power and side mode suppres-
sion ratio (SMSR) at certain wavelengths. The 1-dB difference peak
power produced by this system is higher than previously reported
results for a system employing relatively low pump power, and short
EDF with low-ion concentration.

EXPERIMENTAL CONFIGURATION

The setup for this experiment follows a dumbbell-shaped config-
uration, as shown in Figure 1. The left side of the dumbbell has
been modified, such that it consists of two FLMs. The amplified
spontaneous emission (ASE) signal will only pass through it in one
direction via a three-port circulator. The directivity loss- for port
3-1 is around 65 dB, which is enough to prevent the signal from
taking the shortcut through it. Two other ports have 1-dB insertion
loss each. Therefore, the ASE signal enters the loop from port 2-3
and propagates through the TBF and out of the loop via port 1-2.
A fused fiber coupler is used to obtain the laser output at the 20%
port. The EDF used is-10-m long with a core diameter of 2 ym and
erbium concentration of 440 ppm. Both of the TBFs have a 3-dB
passband of 1 nm and tunable from 1525 nm to 1565 nm.

On first pass, the ASE is equally split into the two loops. In
cach loop, most of the ASE signal will be filtered out, and only the
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Refraction of electromagnetic energy for wave packets incident ona negative-index
' medium is always negative
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We analyze refraction of electromagnetic wave packets on passing from an isoh'opic positive to an isotropic
negative-refractive-index medium. We definitively show that in all cases the energy is always refracted nega-
tively. For localized wave packets, the group refraction is also always negative. :

DOI: 10.1103/PhysRevE.69.026604

I. INTRODUCTION

The existence of a medium with a negative (n<<0) index
of refraction, raised several years ago [1], has recently been
demonstrated experimentally [2]. One of the most striking
properties of negative index materials (NIMs) is the negative
refraction for plane waves across the interface between
positive-index material (PIM) and a NIM. Negative refrac-
tion means that when radiation passes through an interface
between a PIM and a NIM, the refracted beam is on the same
side of the normal as the incident beam (see Fig. 1), in con-
trast to the usuval positive refraction in which they are on
opposite sides of the normal.

. In studies of negative refraction, it is essential to represent
incident waves as localized wave packets, rather than plane
waves, since all physical sources of electromagnetic waves
produce radiation fields of finite spatial and temporal extent
because the sources are always of finite spatial extent and
because they only radiate for a finite time. Hence treatments
of this problem which study waves that extend over infinite
distance in all or some directions cannot be trusted to reli-
ably predict the direction in which a-wave will be refracted,
and in fact treatments based on such extended waves [3]
have led to a direction of refraction opposite to that which
one finds for spatially localized wave packets, resulting in a
great deal of controversy and confusion. Although several
treatments using waves of infinite extent in some direction
(e.g., a plane-wave front [4]) have obtained negative refrac-
tion, since such a model is unphysical, for the reasons given
above, ‘we cannot have confidence in conclusions obtained
from it. ] _

In this paper, we treat refraction of a localized wave
packet at a PIM-NIM interface both analytically and by
simulations, demonstrating that it refracts negatively. We
also present both analytic and numerical studies of wave
packets constructed from a small number of plane waves.
Our purpose in doing this is to give a plausible explanation
for why the two-plane-wave model studied by Valanju et al.
[3] gives a misleading answer. We find that in all cases,
including the model of Valanju et al., the energy and mo-
mentum of the wave refract negatively. Since electromag-
netic waves are detected only when they either give up en-
ergy to or exert a force on a detector, the relevant direction of
propagation to consider is that of the region of space in

PACS number(s): 41.20.Jb, 42.25.Bs, 78.20.Ci, 84.40.. x

Without sources, Maxwell’s equations are V-D 0, V
XH 4D, VXE+4B 0, V-B 0. For plane waves of
wave vector k and frequency w, only three equations are
independent. Using the usual relationships between D(¢) and
E(t) and between B(¢) and H(z) [5] one obtains for such
plane waves kXxH  we(w)E, kKXE wu(w)H. Combin-
ing these equations gives us a functional relationship be-
tween @ and k. Wave propagation is only permitted for
(g,u,n>0) or (g,u,n<0) [1]. In the latter case, (E,H,k)
will form a left-handed triplet while in the former case, for
an ordinary material, (E,H,k) will form a right-handed
triplet.

In Sec. II, we treat the negative refraction of wave packets
and beams. The analysis of refraction of finite number of

plane waves will be done in Sec. IIL

IL. NEGATIVE REFRACTION OF WAVE PACKETS

A wave packet localized in a compact region of space, as
occurs in all experimental situations, can be constructed from
a continuous distribution of wave vectors. Consider such a
wave packet incident from = outsidle the NIM, E

YEof d*kf(k Kg)elikr o®D) with (k) ck. Here we
only consider S-polarized waves. The P-polarized waves can
be treated similarly, however. Throughout the paper, we
choose the z axis from PIM to NIM normal to the interface

+100 -80 650 -40 <20 ° 20 40 60 80 100 /

FIG. 1. Time-lapse snapshots of the electric-field intensity of a
propagating Gaussian wave packet refracting negatively at a PIM-
NIM interface. Arrows indicate the directions of motion. The center
wave number is & V5 with incident angle 7/6. The spatial extent
of the incident wave packet is Ax Az 10. The time step is 50
with speed of light ¢ 1. The dispersion, Eq. (8), was used for NIM

which the energy and momentum of the wave are nonzero. andn u 1 for PIM.
1063-651X/2004/69(2)/026604(5)/$22.50 69 026604-1 ©2004 The American Physical Society
A . .
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and the x axis along the interface. If f(k ko) drops off
rapidly as k moves away from kg, w(k) can be expanded in
a Taylor series to first order in k k; to a good approxima-
tion. This gives

E S'Eoe[i(ko'r w(ko)t)]g(r vgt),, (1)

with g(R) [d*f(k kg)e'k kR and 2
Vie®)|k
Inside the NIM, k and k; in the argument of the exponent
get replaced by k, and k,, which are related to k and k; by
Snell’s law,

kyy ky, k., \7/(n,w/c)2 k2. 2
Here n, is the refractive index for the NIM and is a function
of w. Then the wave packet once it enters the NIM is given
by

E, yEgelitwor okl (r v,1), 3)

where g (R) [d%kf(k ky)tye'™® & %0 and ¢, is the
transmission amplitude for an incident plane wave of wave
vector k. It is the standard expression for this quantity for the
two polarizations of the incident plane wave [6]. Here k,q
denotes k, evaluated at k kg and v, Vk’w(k,) evaluated

atk, k.. Letusexpand k, k,q in the exponential function
in the expression for g,(R) in a Taylor series in k kg to first
order, k. ko~(k ko)-Vi(k, ko)l i, Substituting
this in the expression for g,(r), we obtain g, (R)
Jd’kf(k  ko)tpe™® & ko) Vitke ko)l 1f the width of the
distribution of wave vectors f(k kg) is small compared to
the range of k over which z, varies significantly, we can to a
good approximation simply evaluate this quantity at k kg,
and put it outside the integral over k. Then, the transmission
coefficient of the wave packet is simply given by |tk0|2.

If we carry out the expansion of w(k,) to second order in
k kg, we are able to show that the wave packet spreads out,
but if the length and width of the packet are much larger than
the wavelength corresponding to the wave vector k; at the
peak in f(k kj), we find that the amount that the packet
spreads out in a given time interval is much smaller than the
distance traveled by the packet in that time. Then clearly
under such reasonable conditions, the wave packet will re-
main sufficiently well defined to be able to observe the re-
fraction of the packet. The expansion of the frequency in a
Taylor series is valid for a sufficiently narrow distribution,
Sk ko).

In order to get an explicit expression for g(R), let the

wave packet have a Gaussian form f(k) (AxAz/m)exp

[ kXAx)* kX(Az)*] Expanding k, in a Taylor series around
k,y, we get

2(R) expl CY4(Ax)? CUA(A2?] (&)

with  C, R,+(cnJv, 1)(kypolk0)R,, C, (cn,l
v,)(k;0/k,0)R,, and v, c(dn,w/dw) '. From the above

PHYSICAL REVIEW E 69, 026604 (2004)

expressions, one can see that the Gaussian wave packet
moves with v,,. Due to the dispersion, the wave packet is
deformed in the NIM.

A NIM is dispersive and causality demands that
d(ew)/dw>1 and d(pw)/ dw>1 for nearly transparent me-
dia [5,7]. For an isotropic NIM, since #n, is a function of @
only, v,, c(dn,w/dw) Y(ck,/n,w) vk, with k, the
unit vector in the direction of k,. Since v, is always positive
for transparent media as required by causality, the group ve-
locity will be refracted oppos1te to the direction of wave
vector k, .

The magnetic field obtained from the electrical field
through H (l/owou)kXE is

Ey n,(k)

H  — &fk ko) s (kxy)eles O (5)

with E tkOEo, from which we find the Poynting vector to
be
S, Re E XRe H,

|Eql?

n,(k)
(k)

Xcos[k,-r—w(k)t]cos[k;-r w(k)lk,, 6)

dzk d’k’ f(k ko)f(k'  ko)—=

where we have used the fact that k,-f' 0. While there is no
question that the Poynting vector at a point in a medium
gives the local direction of energy flow, it does not give us
the direction of energy flow by a wave packet or a group of
plane waves as a whole since the direction of the Poynting
vector varies with space. The integral of the Poynting vector
over all space, P, -f(S,)dr, however, gives the total mo-
mentum carried by a wave packet. This quantity divided by
the volume over which the wave packet is nonzero is the
average of the Poynting vector over the whole wave packet.
Either way, this integral clearly represents the direction of
motion of the wave packet in the medium. From the above
expression for S,, one has

n,(k )A
r(k)

Let us consider a coordinate system whose z axis is along k.
The function f(k ~kg)? will then be a function of k, and k,
symmetrically peaked around k, 0 and k, k. Then writ-
ing Eq. (7) as

P, (|Ej%2c) d%f(k Ky)? 7)

n(k) kX+k,,z

P, (|Eg|*2¢) i ® Tkl

d*kf(k ko) =5

we can see that since the wave number k& is an even function
of k, , the integrand is an odd function of k, and hence the x

‘component vanishes. Therefore, P,, which as argued above

represents the propagation direction of the wave packet, is
opposite in direction to kg k,zoi, i.e., in the direction of

.the group velocity. Hence, the energy refracts negatively.
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FIG. 2. Intensity of electric field Re E of a beam with k, NG

and the Gaussian weight f(k,) e (10t)®  The incident angle of
the beam is @ 7/12.

The negative refraction of the wave packet is illustrated
by numerical simulation in Fig. 1. We use the following dis-
persion relation

n(w)  (Ho)V(e® wp)(e® @)i(e® oF) ©)
for the NIM with wy<w<w,. The permeability is u,

(0® 0)/(w? ?). The numbers we used in the calcu-
lation are wy 1, @, 3, w, V10, and ¢ 1. Figure 1
shows stroboscopic snapshots of the electric-field intensity of
a propagating wave packet incident on a PIM-NIM interface
[8]. The negative refraction of the wave packet is clearly
evident.

For completeness, let us consider a beam given by

E Ey dk e'®otk)Tf(k ), )

Here k, is perpendicular to kg and f(k,') assumes a Gauss-
ian form. Note that this construction is different from that of
Kong et al. [9] and Smith et al. [10] in that the width of the
incident packet is made finite in directions perpendicular to
the direction of propagation. The electric field E of the beam
is shown in Fig. 2 [8]. Because the NIM is highly dispersive,
the incident beam once it enters the NIM will no longer be a
beam. It will be a localized wave packet instead, although it
is difficult to see this in the figure. Just as for the wave
packet, the beam intensity also refracts negatively.

III. NEGATIVE REFRACTION OF PACKETS
CONSTRUCTED FROM A FINITE NUMBER
OF PLANE WAVES

Although we have already considered the refraction of a
wave packet when it enters a NIM from a PIM, we next
consider the refraction of wave packets made up of a finite
number of plane waves. Our reason for doing this is to pro-
vide a plausible explanation for why two plane waves ex-
ample of Valanju et al. appears to give positive refraction.

PHYSICAL REVIEW E 69, 026604 (2004)

For the cases of two, and three plane waves analytical ex-
pressions are obtained for the Poynting vector, momentum,
and velocity of interference pattern. First consider the case of
two plane waves in the xz plane incident from PIM to NIM
where the interface is at z 0. Let wave vectors and frequen-
cies be (k;,w;) and (k;,®,). We set the polarization in the
y direction as before. Suppose Aw ®; ®;>0. The inci-
dent wave in PIM is
E 2Ep ™" i cos(Ak-r/2 Awtl2)y (10)
with K (k;+k,)/2, Q (@, +w,)/2, Ak k, k;, and E,
the wave amplitude of each plane wave. The electric field of
the refracted waves-is
E, 2Eje’’rT 0 cos(Ak, /2 Awt/2)y (1)
with K, (k,+k,)/2 and Ak, k., k., where Ej
-txEy, k, and k,, are related to k; and k,, respectively, by
Eq. (2). - :

The relatively long-wavelength cosine function in Eq.

(11) moves in the NIM with a velocity [11]

v, (Aw/|AK ) (AkR+Ak,.2), (12)
assuming that |Ak|<|K|. From the above expression, it is
evident that v,,>0 if Ak,>0. Since w;<w,, we have 0
<n(w))=n(w,;) and n (w,;)<n(w,)<0 by the require-
ment of causality which requires d(n,w)/dw>0. One has
k%lz k%Zz kgl k32+k%x k%x>0' Since krz Ikrzl’ Urg
>0, the group refraction appears to be positive [3]. This is
due to the simple fact that v,,>0 if v,>0. Proper dispersion
must give v,,>0 since the energy should propagate away
from the interface. But we shall see that the above picture is
not true for the energy flow.

Let us determine the time-average Poynting vector (S,).
Using the magnetic field corresponding to E, of Eq. (11),
H, EiS? (k% kpz)e™ ™ o, (8,) is defined to
be the time average of S, over the period corresponding to
the average frequency of the two plane waves. It is given by

N
~Kjx | akrjg
e

j J

o . 2
(S,) -2—(1+.cos A¢,)|E(’)|2j21. (13)

where A¢, Ak,-r Awt. Since k,, <0, one has S,<0 and
§,>0. Thus, contrary to the refraction of the cosine function
in Eq. (11), the Poynting vector is directed in the negative
refraction direction, i.e., refracts negatively.

We shall now demonstrate that by including more plane
waves in our group, one can get negative refraction of the
group in addition to the energy. Actually, just one additional
plane wave can achieve that. Thus, let us include three plane
waves, whose wave vectors form a triangle, rather than being
parallel. Let the magnitudes of the wave vectors be k, k
+ 6k, k+ 6k,, and their angles with the normal to the in-
terface, be 6, 0+ 66,, 6+ 66,. Inside the PIM or the NIM,
we have '
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E yelketka o0l poxpli(u ct)Sk,+ivkd6,]

+expli(u ct)ky+ivkd6,]}, (14)
withu x sinf+zcos@andv x cos@ zsin @ for the PIM
and u x sin 6+az, v x cos 6+bz, and k, replaced by k,,
for the NIM. Then the lines whose equations are # constant
and v constant are perpendicular for the PIM. Here use has
been made of the following expansion:

k,(k+ Sk,0+ 56)~k,,+ak+bk 58 (15)

with
a k(sin®0+c|nl/v,)k,,,
b ksin2672|k,,|.

Here v, c¢(dn,w/dw) . The dependence of k,, on k and 6
is obtained from Eq. (2). The condition for maximum inten-
sity for the quantity in brackets, the long-wavelength enve-
lope of the packet, is determined by the equations

(u ct)bk,+vkd6, 2mmw,

(u ct)Sky,+vkdl, 2mymw,
whose solution in the PIM is.
x . (cy sin @+c, cos ) +sin G ct,
Z (cycos@ c,sinf)+cosbct
with

Ci 27r(m250| m1502)/(6015k2 5025k1),

Cy 27T(m18k2 mzé‘kl)/[k(ﬁﬂlﬁkz 5025]{1)],
which are clearly only defined for &k, /dk,# 66,/56,.
Inside the NIM, the solution for the location of the inten-

sity maxima is
x (cya cib bet)/(a cos @ b sin 9),
z (cjcosé éz sin @+cos B ct)/(a cos 8 b sin 8).

From the expressions for @ and b under Eq. (15), one has
a,b>0 and a cos @ bsin 6>0. Then from the above ex-
pressions of x(¢) and z(t), one has dx/dt<0 and dz/dt
>0. Thus the refraction will be negative. Let the angles of
the line # constant and v constant in the NIM with the z
axis be @ and B, respectively. Then one has tana
a/sin 6,-and tan 8  b/cos @ k,/k,,. So one always has
m2<a<B<m inside the NIM. From the above expres-
sions, one can see that the maxima move in the 8 direction,
that is, antiparallel to k, . The velocity of interference pattern
in_the NIM defined as the velocity of maximum is given by
- (16)

v, vk,

PHYSICAL REVIEW E 69, 026604 (2004)
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FIG. 3. Electric field Re E of negative refraction of four-plane
waves with wave-vector magnitudes k& &k, k, k+ &k, k, and inci-
dent angles 6, 8§ &6, 0, 8+ 50, respectively. Arrows indicate the
directions of motion. The center wave number is k& 5 with inci-
dent angle 8 «/6, 8k 0.2, and 60 /45. Up to the first-order
approximation, the electric field, Poynting vector, and the momen-
tum of this group of plane waves are E, 2e'%(cos w+cos 8¢,),
(S,))  2(cosw+cos 64k, /w, P°"  2Ak,/w, respectively.

This velocity is independent of how the incident wave packet
is constructed. The refraction of a group constructed from
four plane waves is shown in Fig. 3 [8]. The arguments pre-
sented above demonstrate that for any group consisting of
three or more plane waves whose wave vectors are not col-
linear, the group refraction is negative.

While the simulations in Fig. 3 clearly show that the in-
tensity maxima refract negatively, the normal to the planes in
which these intensity maxima lie are directed in a positive
refraction direction. Thus, if one was to imagine smoothing
out all intensity variation in the planes, the planes would
appear to refract in a positive direction. We believe that this
is a remnant of the positive refraction of the planes of inten-
sity maxima [the cosine function in Eq. (11)] found for the
interference pattern for the two plane waves example of Ref.
[3]. When there are only two plane waves, this is the only
group motion that we see in the NIM since for a group con-
sisting of two plane waves, there are no intensity variations
in these planes,

Let us also look at the energy flow which is represented
by the Poynting vector. For three wave vectors with wave-
vector magnitudes k - 8k, k, k &k, and the angles with the
normal 8 66, 6, 6+ 66, respectively, the magnetic field
can also be calculated from Eq. (14) using Maxwell’s equa-
tions and the resulting Poynting vector up to the first order in
both &k and 88 is given by

(S,)  L(1+4 cos’w+4 cosw cos 8p,)k,/w
- k80 sinw sin 6¢,(cos Ox+bz)/w

+26k cos’w(a k. /K2l w, (17)

where
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w (bz+cosOx)kd,
8¢, (az+sinbx)dk JSwt.

The time average is performed over the period corresponding
to the average frequency of the three plane waves. Here; (S,)
is not localized; rather it forms a lattice. A unit cell is defined
as the region in which @ changes by 7 and d¢, changes by
27, as is obvious from the expression for E, or (S,). The
area for each unit cell in NIM is

A 2@%/(a cos 8 b sin 0)kSkS6.

Instead of integrating over all space which will diverge, one
can calculate the electromagnetic momentum for each cell.
Ignoring higher-order-terms in 6k and 66, we get

P 3A(1+268k/3k)K, 20 (18)

with K, k, 2(X sin 6+2a)8k/3, the average of the three
wave vectors which make up the group.

A packet constructed from a finite number of plane waves
will always give a collection of propagating wave pulses

PHYSICAL REVIEW E 69, 026604 (2004)

with the area of the unit cell inversely proportional to 8k and
86. For the above localized waves made of finite number of
plane waves, the group velocity v, is parallel to P, and
antiparallel to the average wave vector K, .

IV. CONCLUSION

In this paper, we have shown that for any localized wave
packet, the refraction at an interface between a PIM and a
NIM is always negative. As pointed out earlier, it is essential
for a correct treatment of this problem to use wave packets
which are localized in all directions since the electromag-
netic field from any physical source is a localized wave
packet.
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" Comment on “Wave Refraction in Negative-Index Materials: Always Positive and
Very Inhomogeneous”

Valanju, Walser and Valanju (VWYV) [1] have shown
that for a group consisting of two plane waves incident
on the interface between a material of positive refractive
index (PIM) and material of negative refractive index
(NIM), the group velocity refracts positively. Here we
show that this is true only for the special two plane wave
case constructed by VWYV, but for generic localized wave
packets, the group refraction is generically negative.

The sum of two plane waves of wavevector and fre-
quency (ki,w1) and (k2,w2), considered by VWV, can
be written as 2ef(koT—wot) cos[(1/2)(Ak - r — Awt)],
where (ko, wo) the average wavevector and frequency and
(Ak, Aw) denote their differences. Clearly, the argument
of the cosine is constant along planes, which propagate
in time along the direction of their normal, Ak. We
have carried out numerical simulations of wave packets
incident on the PIM-NIM interface and for the 2-wave
case arrive at conclusions similar to VWV. For arbitrary
number of incident plane waves whose k vectors are all
parallel, the group refraction is again positive. Note that
in all these special cases the packet remains nonzero on
infinite planes.

Here we show that for any wave packet that is spatially
localized, the group refraction is generically negative.

For 3 (or more) waves whose wave vectors not aligned,
the group refraction will be negative. For example, con-
sider three wave vectors in PIM in the z-z-plane, whose
magnitudes are, k — 6k, k, k — 6k and whose angles with
the z-axis are, 8 — 86, 0, 8 + 60, respectively. The disper-
sion k? = (w? — w2)(w? — w})/c*(w? — w§) were used for
NIM. The results are shown in Fig. 1. The wave packet
refracts negatively, in obvious contrast to VWV. As we
have seen, two plane waves result in a wave packet-like
structure which is constant along planes; the addition of
a third wave breaks the planes into localized wave packets
which refract negatively.

A packet constructed from a finite number of plane
waves will always give a collection of propagating wave
pulses, as seen in Fig. 1. A wave packet localized in one
region of space, as occurs in all experimental situations,
can only be constructed from a continuous distribution of
wavevectors. Consider such a wave packet incident from
outside the NIM, E = E, [ d?kf(k — ko)eitkr—wlt),
where w(k) = ck. If f(k — ko) drops off rapxdly as k

moves away from kg, w(k) can be expanded in a Taylor
series to first order in k — kg to a good approximation.
This gives, E = Egetkor—wlkodtg(y _ ctky/ko), where
g(R) = [ d?kf(k —ko)e'k—*ko)R_ Ingide the NIM, k and
ko in the argument of the exponent get replaced by k,
and k.o which are related to k and ko by Snell’s law.
Then the wave packet once it enters the NIM is given by

1)

where g-(R) = [d?kf(k — ko)e®[(k~ko)Viksl  Here
k.o denotes k; evaluated at k = kg and vy = Vi, w(k,)
evaluated at k, = k.. Thus, the refracted wave moves
with the group velocity vg,.. Evaluation of Eq. (1) for

E, = E(I)ei(kro-r—g(kro)tgr(r = Vgrt),

~a Gaussian wave packet shows that the incident packet

49

gets distorted but the maximum of the packet moves at
vgr. For the case of an isotropic medium, considered by
VWYV [1], the group velocity is anti-parallel to the wave
vector in the medium. Hence, the group velocity will be
refracted the same way as the wavevector is, contrary to
the claim of VWV [1).

Thus VWV’s statement that the “Group Refraction is
always positive” is true only for the very special (and
rare) wave packets constructed by them and is incorrect
for more general wave packets that are spatially localized.
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FIG. 1: Negative refraction of 3 plane waves with k£ = 6.32,
6k = 032, 0 = m/4, 60 = 7/60, wo = 2, wp = 8, wp = 10,
and ¢ = 1. (Inset above) Wavevectors for the 3 plane waves
in the PIM (left) and NIM (right). The thick arrows indicate
the wave packet propagation direction.
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